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We conduct inference on volatility with noisy high-frequency data. We assume the
observed transaction price follows a continuous-time Itd-semimartingale, contami-
nated by a discrete-time moving-average noise process associated with the arrival of
trades. We estimate volatility, defined as the quadratic variation of the semimartingale,
by maximizing the likelihood of a misspecified moving-average model, with its order se-
lected based on an information criterion. Our inference is uniformly valid over a large
class of noise processes whose magnitude and dependence structure vary with sam-
ple size. We show that the convergence rate of our estimator dominates n'/* as noise
vanishes, and is determined by the selected order of noise dependence when noise is
sufficiently small. Our implementation guarantees positive estimates in finite samples.

KEYWORDS: QMLE, serially correlated noise, small noise, model selection, unifor-
mity.

1. INTRODUCTION

IN THIS PAPER, WE DEVELOP a simple estimator of volatility using high-frequency data in
the presence of serially correlated, heteroscedastic, and endogenous microstructure noise.
More importantly, we propose uniformly valid inference over a large class of noise pro-
cesses that allows for simultaneously infinite-order autocorrelation and arbitrarily shrink-
ing magnitude.

Hansen and Lunde (2006) provided empirical evidence that microstructure noise is
quite small in Dow Jones Industrial Average stocks. To improve efficiency, one can con-
sider a test of whether noise is present (or rely on an informal volatility signature plot),
then decide whether to use a noise-robust estimator or the more efficient realized volatil-
ity estimator (Andersen, Bollerslev, Diebold, and Labys (2003)), which assumes noise
is absent. Standard (pointwise) inference for this pretesting approach, however, yields a
misleading picture of the actual finite-sample behavior. Moreover, assuming the noise
exists, a follow-up issue is to determine its dependence structure. An estimator robust
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to noise with long-range temporal dependence could be inefficient if the actual noise is
simply i.i.d. To strike a more desirable trade-off between efficiency and robustness, one
can consider modeling the noise as a moving-average process and adopting information
criteria to determine its order of dependence. Nevertheless, model-selection mistakes are
inevitable in finite samples, so that pointwise inference is again unreliable. The lack of
uniformity for pretesting or post-selection estimators has been widely noted in the clas-
sic time-series setting by Shibata (1986), Potscher (1991), Kabaila (1995), and Leeb and
Potscher (2005).

To remedy this issue, we develop uniformly valid inference in the spirit of Mikusheva
(2012), Andrews and Cheng (2012), Andrews, Cheng, and Guggenberger (2020), and Bel-
loni, Chernozhukov, and Hansen (2014) in different contexts, on volatility over a large
class of MA(co) models that allow for an asymptotically vanishing noise with a flexible
dependence structure. Our inference is thereby more reliable than that of the realized
volatility, which simply ignores the impact of small noise when it is difficult to detect. Our
inference also allows for model-selection mistakes, which surely occur in the case of an
MA (o0) data-generating process, and is therefore robust to the dependence structure of
noise.

The crux of our uniformity results is that the convergence rate of our estimator de-
pends on various sequences of noise DGPs. Similar to our estimator but in the case of
white noise, Barndorff-Nielsen, Hansen, Lunde, and Shephard (2008) showed that as the
variance of the noise vanishes, the convergence rate of the realized kernel estimator im-
proves from n'/* to n'/? with the optimal choice of bandwidth. Their inference, however,
is not uniformly valid because a gap remains between the small-noise regime they con-
sider and the no-noise regime. More specifically, they require the noise variance to be
greater than n~!. This seemingly small gap is not innocuous, because in a finite sample,
the noise magnitude may fall into this gap, resulting in a distortion in the prescribed
asymptotic distribution. In contrast, Jacod and Protter (2011) (Theorem 16.5.7) studied
the pre-averaging estimator as the noise variance vanishes at the rate of n=" for n > 0.
They do not, however, provide a uniformly valid inference procedure; Also, their infer-
ence requires knowledge of 7, and the convergence rate of their estimator cannot exceed
I’ll/3.1

In the case of serially correlated noise, the unknown dependence structure may further
plague the efficiency. The pre-averaging estimator by Jacod, Li, and Zheng (2019) and
the flat-top realized kernel estimator by Varneskov (2016) converge at the rate of n'/*.
They do not consider alternative sequences of noise DGPs (particularly those in which
noise magnitude and dependence structure interact) that may influence the convergence
rate and validity of their inference. We investigate various noise DGPs with simultaneous
infinite-order autocorrelation and arbitrarily shrinking magnitude. We show that the con-
vergence rate of our estimator dominates n'/4 as noise vanishes, and is determined by the
order of noise dependence when noise is sufficiently small. While it is appealing to con-
sider data-driven order selection, such as information criteria, for efficiency gains, in light
of the critique by Leeb and Potscher (2005), we adopt a slightly more conservative order
selection procedure than the Akaike information criterion (AIC). As such, our inference
remains uniformly valid with a slight efficiency loss only in the small-noise regime.

1Jacod and Protter (2011) imposed an “essentially white” noise assumption, which requires that condition-
ally on the latent process, the noise is centered and independent, although not necessarily identically dis-
tributed. For the sake of presentation, we do not distinguish this type of noise from white noise, since it is also
serially uncorrelated, unlike the “colored” noise setting we consider.
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The literature on the estimation of quadratic variation using noisy high-frequency data
is enormous. Earlier works mainly tackle a white microstructure noise.” In this paper, we
target serially correlated noise using a likelihood-based approach. Hansen, Large, and
Lunde (2008) first shed light on the asymptotic equivalence between the maximum likeli-
hood estimator and MA filters. They implement the MA(q) estimator and demonstrate its
desirable performance in extensive simulations with various noise models. Related work
that discusses serially dependent noise also include Kalnina and Linton (2008), Bandi and
Russell (2008), Ait-Sahalia, Mykland, and Zhang (2011), Hautsch and Podolskij (2013),
Bibinger, Hautsch, Malec, and Reif3 (2019), and Li, Laeven, and Vellekoop (2020). Their
assumptions on noise, however, are more restrictive than in our setting.

Our paper is organized as follows. Section 2 sets up the model, Section 3 presents the
main results, Section 4 provides simulation evidence, and Section 5 concludes. The Ap-
pendix contains the proof of the main theorem, and the Online Supplementary Material
(Da and Xiu (2021b)) provides the Appendix with the proofs of the corollary, proposition,
and technical lemmas.

2. MODEL SETUP

We start with notation. For any matrix 4, AT denotes its transpose. We denote by 9, ;
the Kronecker delta. The imaginary unit and the indicator function are written as i and
1,,, respectively. All vectors are column vectors. We write (a, b, ¢) in place of (a7, b7, cT)T
for simplicity. d-dimensional vectors of Os and 1s are written as 0, and 1,. We use || - ||
to denote the > norm. We use B to denote the backward (lag) operator associated with
discrete-time time series. We use K as a generic positive constant that may vary from

line to line but not depend on x. All limits are taken as n — co. We use 55 to denote
convergence in law. We write a, < b, if a, < Kb, for all n. We write a, ~ b, if a, <
b, <a,. Weuse a Vv b and a A b to denote max{a, b} and min{a, b}, respectively. We use
a superscript (n) to facilitate discussion of uniformity over different sequences of data-
generating processes (DGPs) indexed by n.

At each stage n > 1, transaction prices X are observed at time points 0 = # < ; <
--- <t,, <T,where T is fixed. Throughout, we assume 7, the number of observations
within [0, 77, is an observed random variable, whereas n is a nonobservable mathematical
abstraction. We let A, = T'/ny. We assume X, comprises two components:

X,=X,+U, 0<i<ny,

where X, is (the logarithm of) the efficient equilibrium price and U, is the microstructure
noise associated with the ith observation.
Specifically, with respect to the efficient price, we assume the following.

2Prominent estimators include, but are not limited to, two-scale or multi-scale estimators by Zhang, Myk-
land, and Ait-Sahalia (2005) and Zhang (2006); the realized kernel estimator and its extensions by Barndorft-
Nielsen et al. (2008) and Barndorff-Nielsen, Hansen, Lunde, and Shephard (2011); the pre-averaging estimator
by Jacod, Li, Mykland, Podolskij, and Vetter (2009) and Jacod, Podolskij, and Vetter (2010); the local method
of moments estimator by Reifl (2011); and likelihood-based estimators by Ait-Sahalia, Mykland, and Zhang
(2005) and Xiu (2010).
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ASSUMPTION 1: The logarithm of the efficient price process X, is an Ito-semimartingale
defined on some filtered probability space (O, F, (F,), P) and satisfies

t t
X:=Xo+f Msds-i-/ o dW; + (81ysi<ny) * (1 — 1) + (81g51-11) * 11,
0 0

where w, and o, are adapted and locally bounded, W is a standard Brownian motion, and
w is a Poisson random measure on R, x E, where E is a Polish space. The compensator v
satisfies v(dt, du) = dt @ A(du) for some o-finite measure A on E. Moreover, |6(w, t, u)| A
1<T,.(u) forall (w, t,u) with t < 7,,(w), where {7,,} is a localizing sequence of stopping
times and {T',,} a sequence of deterministic functions satisfying [T (u)A(du) < oo for some
rel0,1).

In addition, the process Z, = (ju., 0?) is also an Ité-semimartingale on the space
Q, F, (F), P) with the form

t t
Z,=Zy+ / Hsds + / oy dW; + (01 5<ny) * (L — 1) + (81 g5.1) * 11, (2.1)
0

where [, and o, are locally bounded adapted processes, W is a multivariate Brownian motion,
potentially correlated with W , and 8 is a predictable function such that for some determzmstzc
function T',,(u), ||6(w tu)|Al < r m(u) forall w € O, t < 7, (w), andfF (w)A(du) < 0.

Assumption 1 allows for the leverage effect and jumps in both the efficient price and its
volatility. It accommodates most models in asset pricing and is commonly used to derive
in-fill asymptotic results for high-frequency data, for example, Jacod and Protter (2011)
and Ait-Sahalia and Jacod (2014), with notable exclusions of long-memory volatility mod-
els driven by fractional Brownian motions (Comte and Renault (1996, 1998)).

The parameter of interest is the quadratic variation of X (scaled by T-'), which com-
prises both continuous and discontinuous components:

=—/ o dt+— > (ax,),

0<z<T

where AX, = X, — X,_. Although estimating the integrated volatility or the jump compo-
nent of the quadratic variation is of tremendous interest, we do not pursue this agenda
in this paper, in which we aim for a practical volatility estimate that depends on as few
tuning parameters as possible.?

Next, we make an assumption on the arrival of trades.

ASSUMPTION 2: For each n > 1, the sequence of observation times {t; : i > 0} satisfies
to=0and t;=t,_, + %5,1.71)([, where the sequence {x;:i > 1}isi.i.d., (0, 00)-valued, defined
on (Q, F,P), and independent of the o-field F, =\/,_, F., with m; = E((x:)’) < oo and
my =1, for all j > 0. In addition, the process & = (&,) =0 is a nonnegative Ito-semimartingale
defined on (), F, (F,), P) in the form of (2.1), such that neither &, nor &,_ vanishes.

3To achieve robustness to serially correlated noise, prominent nonparametric estimators require three tun-
ing parameters (see two such estimators in our simulation study). Exploring the finer structure of the quadratic
variations would require at least one more—rendering these measures impractical to estimate, in particular
for illiquid stocks.
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Assumption 2 allows the arrival rate of transactions to depend on their prices through
&,. It also accommodates regular sampling, time-changed regular sampling, Poisson sam-
pling, modulated Poisson sampling, and predictably modulated random-walk sampling
schemes, as discussed in detail by Jacod, Li, and Zheng (2017).* We introduce here and
below several stochastic processes, for example, &, and n,, for which their driving Brown-
ian motions (implicitly defined) are different from W in Assumption 1, but possibly cor-
related. Note that finding a single Poisson measure that drives the jumps of all processes
involved is always possible.

Finally, we assume the noise is endogenous, heteroscedastic, and serially correlated.

ASSUMPTION 3: For each n > 1, the noise sequence {U; : i > 0} consists of random vari-
ables defined on the probability space (), F, P), which have the following MA(co) represen-
tation:

Ui =1, 607 B)e;, with 00 (x) =1+ 6"x/,

j=1

where &; e (0, 1), defined on (), F, P), is independent of F., and {x; : i > 1}, and has finite
moments of all orders; (n,) =0 is an (F,)-adapted nonnegative Ito-semimartingale that satis-
fies the same form of (2.1); and ") is a deterministic nonnegative number that characterizes
the noise magnitude and satisfies 1"V < K.

Assumption 3 accommodates several empirical features of the microstructure noise.
The noise process depends on price X through 7, since 7, is F,-adapted, which may be
driven by a Brownian motion and a Poisson random measure that are correlated with X.
Such dependence is potentially driven by comovement between the price and bid-ask
spread or the discreteness of the observed price.® That said, this assumption implies zero
correlation between any function of the path of X and U; for each i—the key identi-
fying assumption that separates efficient returns from noise. A fully specified structural
microstructure model would be necessary, along with additional observables (e.g., bid-
ask prices), if some nonvanishing correlation between X and U were allowed for. In
this paper, we avoid imposing additional structural assumptions, and instead focus on
the reduced-form model of X, while being agnostic about the economic implications of
reduced-form parameters, for example, 6 and >. Many structural models yield specific
reduced-form ARMA models of returns; for example, Hasbrouck (2007), with differences

4Our sampling scheme imposes that conditional on Fi_,» t; is independent of X for ¢ > #;_;, which we need
to derive a desirable central limit theory. This assumption conforms with Assumption O(ii) of Jacod, Li, and
Zheng (2017), but is more restrictive than those adopted by Li, Mykland, Renault, Zhang, and Zheng (2014)
and Fukasawa (2010), both of which find an asymptotic bias in the CLT of the realized volatility estimator asso-
ciated with their general sampling scheme (in the absence of microstructure noise). On a related note, Renault
and Werker (2011) found that the instantaneous causality relations between price volatility and durations of
trades could lead to severely biased volatility estimates.

SThe probability space (Q, F, (F;),P) can be constructed more explicitly. Specifically, we define X, Z,
¢, and 7 (which satisfy the relevant assumptions) on a space (), Foo, (F:), P(y)), and define {y;} and {&;}
on a different space (), F1), Pa1)). We then set Q = Q) x Qq), F = Fu ® Fay, and P(dwpy, doy) =
P (dw@)Pu(doq)).

®No one has yet built a perfect model that is meant to be a full describer of reality. Like Jacod, Li, and Zheng
(2017) and Jacod, Li, and Zheng (2019), the type of rounding errors our setting allows for is still somewhat
restrictive. In the simulation analysis, we investigate a particular form of rounding that appears more realistic
but violates Assumption 3, and we show that the rounding effect is negligible.
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only in how the reduced-form parameters relate to structural parameters. Estimating and
interpreting structural parameters in a microstructure model is interesting, but we leave
this for future work.

The noise process features flexible serial correlations through its 6 (B)e component,
as specified by an MA(co) model. The next assumption spells out restrictions on its spec-
tral density function, g(A; 6®) = |6 (ei*)|?, such that the sequence of MA processes is
uniformly invertible and their long-range serial dependence cannot be arbitrarily strong.

ASSUMPTION 4: For each n > 1, the spectral density function of 0™ (B)e satisfies, for some
fixed o > 3,

1
inf g(A; 0") > — and V X 0 e dA| <Kj¢, Vj=0.
We next introduce our likelihood-based estimator.

3. MAIN RESULTS
3.1. Likelihood-Based Estimation

In contrast to existing nonparametric estimators, we construct a quasi-maximum like-
lihood estimator (QMLE) in the spirit of White (1982) by imposing a misspecified para-
metric model, for which the likelihood function is available:

q
dX,=odW;  U=10B)s;, with0(x)=1+) 6,x, and e ~N(0,1).
j=1
In other words, we pretend the efficient price (in logarithm) is a Brownian motion with
constant volatility but no drift, and that the noise follows a Gaussian MA(g) model with

the order g to be determined. Under this model, the observed log-return vector Y, =
(Y1, Yuo, ..., Yy, )T, which is defined as

Y.i=X,— +U—U_, 1<i<ng, (3.1

tll

follows a reduced-form Gaussian MA(gq + 1) model. Its ny x ny covariance matrix %, is
given by

anl

Su(07, 02, 0) = A+ Yy — Vi — V1) Gl

h=0

where (I,); = 8;;, (G");; = 8., and v, is the hth order autocovariance of U:

2 T
’yh=2b_ f g(A: )¢ dA,  where g(X; 0) =|6(e™)[".
T™J) 7

Because 6 is a nuisance parameter for volatility estimation and is unidentified if + =
0, we reparameterize the likelihood function in terms of strongly identified parameters

(a2, y):

L,(o% )= —% log det(En(Uz, y)) — %tr(zn(az, 'y)lenYnT),
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where X, (a?%, v) :=2,(0?, %, 0) and y is the (g + 1)-dimensional vector of noise autoco-
variances.” We define (%(q), ¥.(¢q)) as the maximizer of L, (a2, y):

a2(q), V. —arg max L,(d?%, v).
(@9 3u(q) =arg max L.(a%7)

The parameter space of (o2, ), denoted by I1,,(¢), can be derived from the usual condi-
tion that (o2, 2, 0) satisfy, that is, inf, f(A; y) > 0, where f(A; y) = *g(A; ). However,
it is not ideal for reasons we now explain.

Ait-Sahalia and Xiu (2019) showed that in the white-noise case, if the noise magnitude
is small, the noise variance estimator ¢> hits the boundary zero, so that the asymptotic
distribution of the volatility estimator, o2, becomes nonstandard. A similar yet more se-
vere issue occurs here: The estimate 7y hits the boundary inf, f(A; ¥) = 0 with nontrivial
probability.

An easy solution in the white-noise case is to enlarge the parameter space of the nui-
sance parameter, allowing for negative values of T2, so that the asymptotic distribution of
o2 is not affected by confinement of the parameter space for «*>. We adopt a similar strat-
egy to enlarge the parameter space of (o2, y) to {(o?, y) € R7*2:inf, f(A; 0, v, A,) > 0},
where f(A; 0%, v,A,) = oA, + |1 — e"]>f(A; y) is the spectral density of Y, under the
quasi model. In other words, the parameter space is enlarged such that only a reduced-
form MA(g + 1) model of observed returns is required to be well-defined (see Sec-
tion 3.5), and that a well-defined decomposition of observed returns, as in (3.1), may
not exist. On the other hand, the parameter space must be sufficiently “local” to the true
value to avoid spurious estimates due to potential use of an overly flexible quasi-model
(e.g., g is too large). For this purpose, we choose the following set that imposes constraints
on the lower bound of the spectral density function and the decay of autocovariances:®

IL(g) = (0% ) R :inf f(A: 07, v, A) = %,

Zj2|’Yj|
j=1

o + |yol + — <K}t.
o inf|o?A, + f(A )| ©

(3.2)

This parameter space depends on the order of the MA model, g, which we next discuss
how to select.

3.2. Model Selection

To determine an appropriate order g, we use AIC, which in our setting can be written
as

AIC,(¢9)=2g—2 max L,(co% 7).

(02,7)ellu(q)

"Note that y = (yo, ¥1, - - - » v4), which is different from how vectors are typically indexed. For convenience,
we often treat vy as an infinite dimensional vector, with Os filled beyond the (g + 1)th entry of y when no
ambiguity exists.

8The constraint (3.2) is essential for proofs. We do not find it critical to impose in our implementation.
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Our choice of order g will be based on (but not necessarily identical to)

Gn.alc = arg m1n AIC,(g). (3.3)

q<nT

More generally, in Theorem 1 below, we spell out the conditions a desirable order g, must
satisty in order to accommodate uniformly valid inference on volatility for a large class of
DGPs.

Similar to the case of AR(o0) in Shibata (1980), the upper bound on g precludes MA
models with too many parameters from estimation. Asymptotically, this upper bound is
not binding, because for all sequences of noise DGPs we consider, g, aic = 0p(n'/%)—
a claim we prove in Lemma B4 in the Appendix in the Online Supplementary Material.

In a companion paper, Da and Xiu (2021a) proved model selection consistency (based
on BIC) and provide pointwise asymptotic inference on noise autocovariance parameters
when the noise follows an MA(g*) model with a finite g*. The pointwise asymptotic theory
relies on this fixed DGP, as well as this unrealistic result of perfect model selection; hence,
it provides a misleading picture of the actual finite-sample behavior of the inference. As
shown in the classic time-series setting of Leeb and Potscher (2005), conducting uniformly
valid post-selection inference on parameters over a nontrivially large class of DGPs is
generally impossible. For volatility estimation in our setting, however, uniformly valid
inference is possible for a wide class of DGPs, which we turn to next.

3.3. Uniform Inference on Volatility

Obviously, the class of DGPs cannot be arbitrarily large, so we need restrictions on how
the magnitude of the noise and its autocorrelation structure vary with sample size. We de-
note by k™ the co-dimensional vector of autocovariances of 6 (B)e, whose components
are given by

1 g N
KE") = E/ g(x; 0(”))6")" dx, j>0.

ko

The class of noise models we consider satisfies the following.

ASSUMPTION 5: Forany 0 < k < K and any sequence a,, — 0o, we have

12 )
R I N SR U B CEC e

n
J=qn(k)
where

2q
q.(k):=ming, subjectto niy’ Z ’Eﬁ"wszq,

Jj=q+1—ap
_ —1/2 7, (n))—1 ~(n) e i m (n) (n)
(1 + n /L ) and - Zi:O(l + 1)l/ln (2Kj+1+i ]+l+2 j-H)
Intuitively, g; (k) mimics the “oracle” order that AIC selects. Assumption 5 effectively

requires that this order cannot be too large (the first equation above) and that the ap-
proximation error induced by selection (the left-hand side of the second equation above)
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is asymptotically dominated by the estimation error (the right-hand side). Next, we pro-
vide two examples to demonstrate that the conditions in Assumption 5 are not restrictive
from a practical point of view.

EXAMPLE 1: Suppose n'/*. — oo and 6™ (B)e follows an MA (o00) model with |K§")| ~

j~« for some a > 3V ——2—— It is easy to show that Assumption 5 holds, because
142log () /logn

o0
G0~ and g2 S [ B = oo (o)),
j=an (k)

Jacod, Li, and Zheng (2017) assumed |K§")| ~ j~*with @ > 3 and a fixed ¢?. Our condition

further sheds light on a trade-off between ¥ and a: As ' shrinks, |K§”)| must decay
faster.

EXAMPLE 2: Suppose 0™ (B)e follows an arbitrary ARMA( p, g) process with finite p
and g. Assumption 5 holds because in this case, as long as ¢ < 1 (it can shrink arbitrarily
fast),

g;(k) Slogn and g 3 || S0P (1+0(g;(0)'"7)).

J=an (k)

Now we are ready to present the main theoretical result, based on which we build uni-
formly valid inference on volatility.

THEOREM 1: Suppose we select an order q, = G, aic V a, with o, = O(logn). Then, for
all sequences of DGPs satisfying Assumptions 1-5, and as g, v (n'/*1™) — oo, we have’

Ez(lq\n) - CT
JAVAR(G,., n)r

where AVAR(q, n)r is given by

c
— N(0,1),

AVAR(g, ) = %[(4q +O)E(, )7 +4, 2LV (SE@, ):C;” + CPB(9)1)], (3.4)

(£ ™) is the “long-run variance” of the general noise process, given by

T
2 &1
/ n.é, ds
(€)= (1) ’g(0, 0”) = ;

| &ras

0

°To ensure G, Vv (n'/?.™) — oo holds without worrying about n'/2.(" and G, aic, we can select «,, such that

a, — 00, say, a, ~ logn as in our implementation, although the statement of Theorem 1 does not require this.
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E(4, &)r is a general “quarticity” in the presence of random sampling and jumps, given by
E(4, &) =1/Tga4ds+12(u)2(502+§ o) (3.5)
s T T o sUg T s s sUg s—Us_)>» .

and

T
2 [ witds+ S @X) (i 4nl) g [T,,4§1ds
0 §O8
0

s<T

T + T 2°
CTX/ m, & ds (/ nf&_lds)
0 0

Combining with asymptotic variance estimators in Section 3.4, we immediately obtain
the following.

B(é)r =

(3.6)

COROLLARY 1: Suppose the same assumptions as those in Theorem 1 hold. Let ¢,_, =
F7(1 — a/2), where F(-) is the standard Gaussian cumulative distribution function. We
have

lim P(Cr € CL(a)) =1—a,

n

where, using {7 =Y "1" .

¥.(Gn) ;1> the uniformly valid confidence interval is constructed as

O = 3@

2
£ n/\/ @@, OB @1 + 5 GE @r33@) " + 5:@) Bu@r) |

n

To shed light on the asymptotic behavior of our estimator, we examine two special DGP
sequences:
i. Under n'/2.™ /(4q, + 6) — oo,
AVAR (G, n)r = n~ 2T 2 (™ (SE(4, €)rC;* + CB(€)r) + op(n72™). (3.7)

ii. Under n'/%."/(4g, + 6) — 0,10

1
AVAR(Gm)r = (48, + OEG, 1 + o0 (33)

qn+ 1)

)
Case (i) describes the behavior of our estimator in the presence of “large” noise. The con-
vergence rate is (¢V)~"/?n'/4, which varies within [n'/4, n'/2g-1/2]. This result echoes and
extends that of Barndorff-Nielsen et al. (2008) for the realized kernel estimator whose
rate varies within [n'/4, n'/?] in the case of i.i.d. noise. As to the colored noise, our rate

0Tn this case, Theorem 1 requires that g, approaches oo, so that 4G, + 6 and G, are in fact of the same
order. That said, we prefer this small-sample adjustment that can be established in the case of a finite G,,.
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dominates n'/*—the convergence rate of flat-top realized kernel and preaveraging esti-
mators by Varneskov (2016) and Jacod, Li, and Zheng (2019).

In the case of small noise (Case (ii)), the convergence rate is prescribed by n'/*q;
When noise is absent, Case (ii) also shows that the efficiency loss compared with the
realized volatility estimator is given by a factor 2¢g, + 3, because realized volatility has
knowledge of the absence of noise. Moreover, the bias of the realized volatility estima-
tor is of order (:V)%n, which may not vanish in Case (ii), because noise is not entirely
negligible in this regime.

We now explain our choice of g,. Recall that the noise-dependence structure follows
MA (00). Intuitively, a smaller choice of g, leads to a more efficient estimator at the risk of
a larger bias due to model misspecification (g, < co). In contrast to the somewhat ad hoc
tuning parameters other approaches rely on, our estimate g, aic is informative about the
minimal order using which the model misspecification bias is negligible. The importance
of this guidance on g is manifested in Case (ii), in which the convergence rate clearly
improves as g, decreases.

Nonetheless, instead of fully relying on g, aic, Theorem 1 requires the use of a certain
Gn = Gn.aic V @, that also approaches oo slowly if n'/2.™ is bounded, even when the true
model may be of a finite order (and hence g, aic is small). Indeed, if the true model is a
finite-order MA(g), we can show that QMLE based on g, aic can achieve a convergence
rate as fast as n'/? in Case (ii). However, the asymptotic distribution is highly nonstandard,
because the model-selection bias is of an order comparable to the estimation error. For
this reason, we intentionally inflate the order of the employed model, requiring g, — oo,
so that a standard asymptotic normal distribution is available in Case (ii). «, is the single
tuning parameter required by our procedure. One possible choice of «, is logny, which
(potentially) inflates g, aic by logny. The choice of g, does not affect the asymptotic
variance in Case (i), since (3.7) in fact does not rely on g,, but it may hurt the efficiency
of our estimator in Case (ii). As a result, our rate in Case (ii) is strictly smaller than n'/?
under the conditions in Theorem 1. This efficiency cost is in fact unavoidable for the sake
of uniformity, because of the following “impossibility” result in the spirit of Leeb and
Potscher (2008).

To demonstrate this result, we consider a simple setting in which the noise process has
no autocorrelation beyond the first lag (so that we use AIC to select g from {0, 1}), and the
noise magnitude (¢)? is dominated by n~! (so that the optimal rate of the volatility esti-
mator is n'/?). The next proposition shows that even with constant volatility, no uniformly
consistent estimator exists for the cumulative distribution function G, (x), where

1/2

Gn(X) = P(nl/z(b'\z(Z]\n,AIC AN 1) — CT) < X).

PROPOSITION 1: For each x € R, there exists a DGP sequence satisfying Assumptions 1-5
with o2 = Cr for some Cr fixed and all t € [0, T], n(1")? < K, and a single parameter 6,
such that

liminf inf P(\Gn(x) ~G,(%)| > %) >0,
)

n—00  Gp(x
where the infimum extends over all estimators G, (x) of Gu(x).
On a different note, Theorem 1 establishes that our asymptotic distribution is con-

ditionally Gaussian, which is typically the case for estimating quadratic variation in the
presence of noise. Nonetheless, in the absence of noise, the limiting distribution for the
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realized volatility estimator is a mixture of Gaussian random variables with square root of
uniform random variables around the jump times instead of Gaussian, unless the volatility
and price processes do not jump together; see, for example, Theorem 5.4.2 of Jacod and
Protter (2011). Because of this, their inference procedure is sufficiently complicated that
simulations are entailed in order to achieve a sharp confidence interval; see p. 349 of Ait-
Sahalia and Jacod (2014). When n'/%.™ < K, our asymptotic distribution would run into
the same issue if g, is finite. Interestingly, while the requirement on g, — oo is motivated
from uniformity considerations, we show that this condition also leads to a conditional
Gaussian limiting distribution, which facilitates our inference procedure.

Another related point is that the asymptotic distribution of our volatility estimator does
not depend on the true distribution of . This is not surprising in the case of large noise;
see, for example, Xiu (2010). However, when noise is small, it is possible that certain
moments of ¢ might affect the asymptotic variance of volatility as the convergence rate
improves. In this regime, the reason our volatility estimator has the same asymptotic vari-
ance regardless of the true distribution of & is again due to g, — oo.

3.4. Asymptotic Variance Estimators

In this section, we develop preaveraging-based estimators of asymptotic variances. We
need two sequences of integers k, and k', satisfying k, ~ n*?, k! ~ n"/®, and a nonzero
real-valued function g : R — R, supported on [0, 1], which is continuous and piecewise C!
with a piecewise Lipschitz derivative g’ and g(0) = g(1) = 0. We also adopt a truncation
strategy (Mancini (2001)) to handle jump-related quantities, for which we define:

v, = a(k,A,)?, forsomea>0,w <€ (0,1/2).

We construct the estimator of E(4, £)7 in (3.5) as E,(4)7 = C,(4)7 + D,(4)7 using the
pre-averaging approach:

R 1 ny—2kp ~ ~
C(®)r = 1 2 Z (Y(g)zi)z(y(g)nmkn)2]1<I37(g)5’n\§vn,\?(g)i’,,+knIsvn}’
TkA, (/ g(s)* ds> m=l
0
R 1 nT—k,z—k;, _ )
D,(4)r = Y (Y(®) Lviepm (&) +&)pss )

—
Tkn/ g(s)*ds m=ki+1
0

where preaveraged returns and spot volatilities are given by, respectively,

kn—1 .
- n j
Y(g)z = Zg(k—)Y”’H’j’

j=1

K, (3.9)
o2
1 Z(Y(g)i+m) 1{\17(g),*‘+m\§vn}-
k;k,,An/ g(s)*ds m=!
0

1

()i =

These estimators are the same as those constructed by Ait-Sahalia and Xiu (2016) for
i.i.d. noise. Despite their low convergence rate, these estimators are also consistent in this
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more general setting, because of the choice of a large local window size k, which averages
out the impact of the dependent noise. Because of the jump truncation, Assumption 1
imposes that < 1, which is necessary for consistency.

Finally, we provide the estimator of B(¢)7 in (3.6) using

1 1 PO
ﬁ@»(%@nwﬁman)w*”+34”)

En (/q\n)T =

2
B,(3)| Alognr,

)
+ | == =
<7n(qn)0 = Yu(G@u)1
where, with Y (g)” and ¢(g)" defined in (3.9),

1 nT—kn—k;,
B, =~ Y (Yun)g);
m=1
1 np—kj,

B,(2) =

1 Z ((Y"’m)z + (Ynaerkh)z) (?(g)nm)zﬂ{lY(g)I'nl>vrl}’
2Tk,,/ g(s)*ds m=!
0

nr—kj,

§1,1(3) = M Z (Yvn,m)z(Yn,erkj,)z-
m=1

3.5. Implementation

We discuss the implementation of QMLE in this section. Apparently, directly calcu-
lating the inverse of ¥, (a?, y¥) would be computationally expensive when evaluating the
likelihood function at each stage of an optimization routine. To avoid this problem, the
classic time-series literature adopts an approximation approach of Whittle (1951). Un-
fortunately, we can show the Whittle estimator is inconsistent in our in-fill asymptotic
setting, even if the noise is i.i.d. Gaussian and the efficient price is a Brownian motion
with constant volatility (hence, our OMLE is in fact the MLE).

We instead implement exact likelihood through the state-space representation of an
MA model. To avoid the issue of weakly identified parameters, our implementation lever-
ages an auxiliary reduced-form MA(q + 1) model of the observed noisy returns:

q+1
Y,i=¢®B)e, withd(x)=1+> ¢/, 1<i<ne~N(0,x"). (3.10)

j=1

ALGORITHM 1: Our algorithm starts as follows:

1. Select the optimal order, G, aic, of the MA process (3.10) for Y,, using AIC, defined by
(3.3) but rewritten in terms of x* and ¢. .

2. Obtain exact quasi-likelihood estimates of x* and ¢; for 1 < j <q, + 1, using the state-
space representation of (3.10) and Kalman filtering (see, e.g., Gardner, Harvey, and
Phillips (1980)), where G, = Gn.aic V lognz.!

packages of standard programming software (e.g., R and Matlab) are available that implement a likelihood
estimator for MA models, despite the fact that some packages rely on Whittle approximations.



2800 R. DA AND D. XIU

3. Construct volatility and noise autocovariance estimators using the above estimates:

Gnt1 2
55(%) = Anlj(\z(l + Z d’}) ,
j=1
gn+1

1 T XZen])\ qn+1
ACHIES 277/ T ( +Zq§e“” (1+Z¢>>d/\, 0<j<Gu

which are obtained by comparing different parameterizations of the return autocovari-
ances.

Algorithm 1 is sufficient for estlmatlng volatility and noise autocovariance. If we are
further interested in (:?, 6), a unique solution (22(g), 0,(q)) exists w1th probablhty ap-
proaching one when noise is sufficiently large relative to sample size.'> When noise is
small, however, these parameters are weakly identified, and there may not be any solu-
tion such that”ﬁ(q) is positive and 8, (g) is real.

4. MONTE CARLO SIMULATIONS

In this section, we examine the finite-sample performance of our volatility estimator
and compare it with alternative nonparametric estimators in the literature. Throughout,
we fix T'= 1 day and the average sampling frequency every 5 seconds. We conduct 1000
Monte Carlo trials in total.

We simulate X, and o? according to the same log-volatility model as in Li and Xiu
(2016):

dX, = (0.05+0.507) dt + o, dW, + J* dN,,
0 =D,exp(—2.8+6F,),  dF,=—4F,dt +0.8dW, +J" dN, — 0.02A dt,

where E[dW, dVT/,] =—0.8dt,J¥ ~ N (0,0.02%), JF ~ N(0.02,0.02%), N, is a Poisson pro-
cess with intensity Ay = 25, and D, captures the diurnal effect:

D, =0.75exp(—10t/T) 4+ 0.25exp(—10(1 — ¢t/ T)) +0.8.

The arrival of trades follows an inhomogeneous Poisson process with rate nT-'¢,! =
nT~'(1+ cos(2mt/ T)/2), so that fewer trades arrive in the middle of the day.
With respect to noise, we simulate an MA(oco) model with heteroscedastic variance:

U, =un,(1—0.4B)"'(1+0.2B)s;.

We vary the magnitude of the noise, ¢, which takes values from: 10~* (small noise), 5 x 10~
(median noise), and 2.5 x 10~* (large noise). These noise levels are common choices in

2Da and Xiu (2021a) suggested a Newton—-Raphson algorithm based on Wilson (1969) to solve for g, + 1
model parameters (%, ) of the MA(g,) noise process from up-to-g,th-order autocovariances ¥,(¢,),, 0 < j <
Gn-
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small noise, using (i) median noise, using (i) large noise, using (i)
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small noise, using (ii) median noise, using (ii) large noise, using (ii)

0.4 0.4
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0 0
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small noise, using (iii) median noise, using (iii) large noise, using (iii)
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FIGURE 1.—Histograms of standardized volatility estimates. Note: This figure plots the histograms of stan-
dardized estimates of AIC*-QMLE using the central limit results given by (i) (3.7, top), (ii) (3.8, middle), and
(iii) (3.4, bottom) of Theorem 1. Solid lines plot the density of the standard normal distribution. The noise
magnitude parameter ¢ takes three values: 107* (small), 5 x 10~ (median), and 2.5 x 10~ (large).

the literature and also relevant for empirical data. ), captures the heteroscedasticity of
the noise, which follows

dn, =10 x ((1410 " cos(2mt/T)) — m,) dt + 0.1dW,,

where W, is the same Brownian motion that drives X. We round the observed prices to
the nearest cent: f(,l. =log([100 x exp(X,, + U;)]) —log 100, where [-] means rounding to
the nearest integer."

We first compare the performance of the central limit theory using (i) (3.7), (ii) (3.8),
and (iii) (3.4), given by Theorem 1. Recall that (i) works when noise is large and (ii) works
when noise is small, whereas only (iii) works uniformly. Figure 1 compares the histograms
of the standardized estimates of AIC*-QMLE that employ g, aic* := Gu.a1c V log nr, using
the corresponding asymptotic variances of these different scenarios. The histograms that
correspond to (i) (resp., (ii)) on the top (resp., middle) panels do not match the standard
normal density when noise is small (resp., large). By contrast, histograms on the bottom
panel match the normal density uniformly well.

We then compare a variety of volatility estimators, including the usual realized volatility
estimators using all returns and 5-minute returns; the MA(1)-based QMLE of Xiu (2010);
the recent pre-averaging estimator (PVG) proposed by Jacod, Li, and Zheng (2019); and
the flat-top realized kernel estimator (FRK) proposed by Varneskov (2016). The last two

13 Although our theory does not allow for this type of rounding errors, we simulate this model to demonstrate
that the effect of rounding appears negligible in a finite sample.
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estimators are consistent, even in the presence of colored noise. Other estimators that are

robust to i.i.d. noise, such as two-scales realized variance and realized kernels, have very

similar performance compared with the MA(1)-based QMLE, and hence are omitted.
To construct the PVG, Jacod, Li, and Zheng (2019) proposed the following:

. n, B
Az PVG _ <TZ gl ) (Z Yl” —nr Z yf,%ZZgl g /)
i=0

]_7]1//
where g is defined in Section 3.4, g" = g(;- ) Zf"l_l &' Yuii 8 =gl — &/, and ¥4
is the estimator of the jth autocovariance proposed by Jacod, Li, and Zheng (2017):
1 nr+1—j—4h), 1 Hy—1 1 -1
Sz _ Y Y Y Y
= n_T Z (Xti H Z Xtiﬂ”*%) (Xtiﬂ e Z Xti+/‘+l+3h§x) )
i=0 no=0 n =0
The PVG estimator depends on three tuning parameters:
, 1 ) 1 1 1 . 1
hnNA_Z Wlthm<’n<§, hn~@7 n"’@,

where v is the p-mixing exponent of . 4/, determines the local window size used to esti-
mate realization of the noise, 4, is the usual local window size for averaging returns, and
h!, determines the maximum number of lags of nonzero noise autocovariances. Jacod,
Li, and Zheng (2017) suggested 4/, = 6 in simulations with 1-second data. According to
their criterion, when data are sampled at 5-second frequency, /), must be an even smaller
integer in a finite sample, so we choose A/, from {2, 4, 6}. Jacod, Li, and Zheng (2019)
suggested 4/ =3 and h, = [0.8 x n'/?] based on their simulation setting, so we choose 4/
from {3, 6, 9} and 4, from {[0.6 x n'/?], [0.8 x n'/?], [1.0 x n'/?]} for robustness. In total, we
consider 3 x 3 x 3 = 27 combinations of tuning parameters. To save space, we report only
the best pre-averaging volatility estimate in terms of root-mean-square error (RMSE),
despite the fact that this is not feasible beyond simulations and that the choice of tuning
parameters matters quite a bit.
Regarding the FRK, Varneskov (2016) proposed the following:

o~ 1 1 Ijl”
G, = TVO(Y;) T Z(W(Y;) +7-1(Y2))

h=1

)2+,

where k() is the Parzen kernel, vy, (-) is the Ath-lag sample autocovariance function,

ny—hly+(Onh)

Yh(Y:): Z Y:/Y:/ h>

j=hy+(0vh)
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and Y is a vector of returns after jittering,

-1

- 1 - R
th;_?Zka’ j=h
n k=0
Y* = ~ 1 & o . -
n,j _thTJllrl + ]:l_’ Z th, Jj=n-— hn;
n k:anit;l
Y. otherwise.

There are also three tuning parameters:

1

~
An

_ 1427 - 1 1
oy~ ATD2 withO << 20 R =A" with LT <5

Hn —
242r

where 7 is the a-mixing exponent of ¢. H, is the usual bandwidth for kernel estima-
tors, 4, controls the flatness of the kernel, and 4/, controls jittering. We choose H, from
{25, 50, 75}, h, from {[0.5 x H*®],[1 x H*°],[1.5 x H*®]}, and A, from {0, 5, 10}. We
report only the best estimate (in terms of the RMSE) of all 27 combinations.

Table I presents the comparison results.'* When noise is small, all estimators work well,
except that RV is a bit worse. This finding is not surprising, because all other estimators
are somewhat robust to noise, and noise is present despite its small magnitude. When
noise becomes larger and its dependence is thus more evident, the MA(1)-QMLE dete-
riorates, because it is only robust, essentially, to the white noise. The 5-min RV is better,
but still has a substantial bias and a large RMSE, to the extent that using it is not reason-
able in practice. AIC"- and AIC-QMLEs, FRK, and PVG are all well behaved, of which

TABLE I
SIMULATION RESULTS FOR VOLATILITY ESTIMATION.

x1072
Small Noise Median Noise Large Noise

BIAS RMSE BIAS RMSE BIAS RMSE
AIC*-QOMLE —0.02 1.09 —0.03 1.28 0.03 2.35
AIC-OMLE 0.06 0.75 0.11 1.40 0.07 2.34
PVG —0.70 2.37 —0.24 2.34 2.08 3.50
FRK —0.01 1.02 0.45 1.18 0.09 2.30
RV (5 min) —0.02 1.68 1.62 2.58 42.24 43.44
MA(1)-QMLE 1.13 1.21 22.51 22.70 477.31 480.96
RV 3.11 3.12 47.99 48.02 1168.96 1169.42

Note: This table compares various volatility estimators in different simulation scenarios. “AIC*-QMLE” and “AIC-QMLE” are
MA(qg)-likelihood estimators using G, Ajc+ = Gn,AlC V logny and G, a1c as the selected orders, respectively. “PVG” refers to the
preaveraging estimator of Jacod, Li, and Zheng (2019). We report only PVG estimates with the smallest RMSE of all 27 versions, in
which case iy = [#1/2], k), =2, and hj; = 3 when noise is small; /1, = [n1/2], hj, =2, and hj, =9 in the case of a median noise level;
and hy, = [n1/2], hj, =2, and hj, = 3 when noise is large. “FRK” refers to the flat-top realized kernel estimator of Varneskov (2016).
We only report FRK estimates with the smallest RMSE of all 27 versions, in which case Hy, = 25, iy = [0.5 x H;O‘ﬁ], and 4, = 0 when
noise is small; Hy, = 25, by =[0.5 x H;;y %01, and 7, = 10 in the case of a median noise level; and Hy, =75, iy = [H;; %], and 7, = 10
when noise is large. “5-min RV” is the popular realized volatility estimator based on the 5-minute subsample. “MA(1)-QMLE” uses
the MA(1) likelihood. “RV” is the realized volatility based on the full sample.

1“We thank Yingying Li, Xinghua Zheng, and Rasmus Varneskov for sharing their codes with us.
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the PVG is the worst. That said, of all the estimators we compare, only AIC*-QMLE is
uniformly valid. Our experiment also shows that FRK yields negative volatility estimates
less often than the PVG estimator, whereas all other estimators guarantee positivity.

5. CONCLUSION

We propose a simple volatility estimator based on the likelihood of an MA model,
whose order is selected based on AIC. We establish uniformly valid inference on volatility
over a large and flexible class of noise DGPs, featuring autocorrelations of an infinite or-
der and an arbitrarily vanishing noise magnitude. The convergence rate of our estimator
is greater than or equal to n'/*, which depends on the noise magnitude and its dependence
structure. Our estimator requires a single tuning parameter in order selection, and it al-
ways guarantees the positivity of volatility estimates. For these reasons, it delivers more
desirable finite-sample performance than alternative nonparametric estimators.

APPENDIX A: MATHEMATICAL PROOFS

As is typical in the literature, upon using a classical localization procedure (Section 4.4.1
of Jacod and Protter (2011)) we can strengthen the conditions introduced by Assump-
tions 1, 2, and 3 as follows:

ASSUMPTION Al: There exist a constant K > 0 and non-negative functions I" and T, such
that the processes X, w, o, &, €', m, i, & are bounded by K, and that the functions & and 5
satisfy |6(u)| < F(u) <K and ||8(u)|| <T'(u) <K. The lngredlents of & and m (not written
explicitly) also satisfy the same conditions as above.

A.1. Notation

In this section, we present the notation to be used throughout the proofs. Below we
will introduce additional notation that applies only to the corresponding proofs unless
otherwise indicated.

Part 1. We let X, Z, £, and 7 be defined on a sub-probability space (£, Foo, (F7), P(0))
of (O, F, (F),P) asin footnote 5. We use 225 to denote stable convergence in law with
respect to Fo. For any x = (xy, x2,...,x,) € R?, we set x; =0 for any j > g+ 1 and
denote [1x[2,, = 3% 0 %% 1xlnigy = 25y X1 X1 = 11,0, and 17 x = 3% x.
For an integer i and a random variable x, we denote the ith cumulant of x by Cum;(x).
Let M, denote the set of all d x d matrices. For any m and A, let O,,, D" | F" ‘T, € M,, be

defined by (I,,);; = 8:;, (On); = ‘/m+1 sin r:ljj:l’ (D"); = 8,,;(2— 85,) cos h’f], and (F"); =
Linmiizjiy — Linmivjy — Lipmamra—qivjyy- We also introduce I, O, D", F" € M,,, (instead of M,,)

with similar entries. We let n, = |n"/8], J, = |ny/nq] — 1 and n,=nr— nde For any m,
we define

Dm = Z ’thzp V;n = O-ZAn]Im + (2Hm - Dyln)Dma

h=0

Qm = OmeOm, QD,n = (HJd ® Qnd) 5] Q"il

Here, the dependence of (D, V,n, Qs Qp.,) on (a2, v, A,) is omitted.
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Part 2. We use A?’A to denote 4, — A, , when A is a continuous-time stochastic
process and to denote A; — A; | when A is a discrete-time stochastic process. Further,
for j > 1, we introduce #(j); = #(j_1yn,+- When A is a continuous-time process, we let
Ac(j) = At(};l)nd, Ac, = Zf; Ac(f)ﬂ{t(,;l)ndst<t,-nd}’ and A(j); = A,(H)ndﬂ.. When A4 is a
discrete-time process, we let A(j); = A(j_1)n,+:- In both cases, A(j) can be regarded as a
discrete-time process. We further let ec(j); := £(j—1yn,+i for i = 1 and &c(j); := &(j); for
i <1, where {&(j);: i <0,j > 1} is a set of standard normal random variables that are
independent across (i, j) and with everything else. We define for all i > 1,

Y =0c, EL EPATW + me, o (1= B)OW (B)ec(Li/nal +1),

n,i i ti1 l*\_i/ndjnd.

We define n, = (J, +2)n, and define Y e R"r as Y, := (Y5, ..., Y, )T We also write

UC()i=mc()e 8" B)ec()in  AIXC() = oc(NESG)E (N AW ().

Next, for » > 1 we consider the successive jump times {7'(r, m) : m > 1} of the Poisson
process w((0,T] x {z:1/r <T'(z) < 1/(r — 1)}). Let {T,,},»>1 denote any reordering of
{T(ry,m):r,m=>1,T(r,m) < T} and Ty = 0. We additionally set P, = {r: 3’ > 1,7 <
r, T,,=T(r',m')} and define:

Wo=p —/ 5(1, 2)M(d2),
X7 = (81iry=1/n) * M T Jeresyniseoisy

X' = (81re<in) * (1 — 1), X7 =X, +/t'urds+/la o
t — s Ky 8§
0 0

B,r B,r
r— nyl.r T =A"X" "
Yo=Y, —AXT, Y, =ATX" + AU,
—_(yr— yr— r—\T B,r B,r v/Br B.r\T
Yn - (KI,I’ Yn,Z’ Tt Yﬂ,ﬂ) ’ Yn T = (Yn,l 5 Yn,z 9 ey Yn:nr) .

Part 3. For (n=ny,1<j<J;)or (m=n, j=J,+1), we define QY(j) € M,, by
. n 2 . . n B . n
QUM = () (D Ger' + 1) (Giaky,
— (D) icakl s = MDD Gk y)-

Using QU(j), we define QU = (@574, QU

2 () @ Q’Z(Jd + 1). For any n, let Q%,Q/, QY|
Q)8 e M,, be defined by

(Q), = 8i, / lofds, (@), =8 Y (AX,),

i ti_1<s<t;

QP =0V £ 08, QY =QPF 40

Then, for j > 1 we introduce an co-dimensional vector y¢(j) := (Yc(J)k)r=0 With yc ()i =
(t™)2%(j)k\"”, and a scalar £c(j) := 33 . yc(j) - Finally, we introduce

T
()=o) Tns B G) = O, (21, =D, ) Dr, (v¢ (1)) On,
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based on which we define Q€ (j) = QS(j) + QV€(j) and Q)€ = P> QF(j). For any
n,let O, Q= QF~ e M,, be defined by

J, § 2 J,r— J J, Yor— _ OY.B Jor—
(Qnr)ij=6isj (AXTm) s Qnr =Qn_Qnr7 Qn ' _Qn +Qn, .
mePr:t;_1<Tm<t;

Part 4. We introduce shorthand notation £(A) = —1logdetQp , — 1 tr(Q}', 4) and let

Liun=n3logdet0, — (O, ¥]),  Lou=LY)),  L=£(e),

Ly =LY, (Y,)'),  Ly=L£(@7), LY=Ly (V"))
LY =L(Qp., O)F),

where we omit the argument (o2, y) of (Q,,, Qp.,) and (L 4, Lpn, Ly, L7, L7, LB LB),
Finally, we define

nr

Lo ) =42 [ (loef (o va) +

a

. (n)
f(/\v CT7y 7An)>d)\’
f(x 0%y, A,)

(v ) = (5 [ oer(hi ot n ) ),
mJ

™ (q)2, v (q)) = in L;(0% 7).
(@ Y @) =arg min | Z3(0%7)

Part 5. With any given n, (o, v), ¢, and i € {b, s}, we define
R,,(o-z’ v, b) = |0-2 _ CT| + (L("))_z sup|f(A; ')/) _ f()\; ,y(n))i,
A

b

R.(02,v,8) = A sup|f(A; 02, 7, A) — F(A; Cr, ¥, A,)
A

ﬁn(q’ l) =R, (a-j(q)’ fy\n(q)’ l)’ R(n)(q’ l) = Rn(a'(n) (q)27 'y(n) (q)’ l)

Part 6. We introduce a framework to conduct reparameterization. To avoid ambiguity,

2
throughout the proof we use Iy (q) to refer to the parameter space I1,(g) defined in
(3.2). We start by introducing a bijection from H£”2’7)(q) to R7*? denoted by B,(c?, y).
The inverse functions are denoted by o2(8) and v, (8). Choices of the functional form of

B, will only be specified when necessary and will typically vary across different scenarios.
We set do? := da?(B)/dB. Let B.(q), B™(g) € R be defined as

Bi(@) =Bu(@7(@),7:(0)s  BD) =Bu(c" (@) ¥ (@), B =Bu(Cr,y™).

Let T18(g) = {B = (Bo, B1> -, By)T € R™Z 2 B = B,(0, y) with (0, ) € I " (g)}.
For any 8 € I1%(g), and any S, € {f(A; -, -, A,), Ly, Lans Lo, Ly, L7, L7 LB LB L*,
2,0, Qp o, Vi, we let S,(B) = S,(a?, v), with (a2, y) satisfying 8 = B,(o?, y). Fur-
thermore, for B € I[18(q) and s € {4, D}, we define E,(B), E;.(B) € R*™* and 95 41 ,(B) ;>
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I=(B) € M, such that

(E.(B)j> Evn(B);) = —lﬁ(L (B), Ls.u(B)),

2

(A.1)

(9.4.0(B)j» IEL(B)y) = —— (L:(B), L%, (B)).

n 0’):81‘9181

We let 77 = _é’H*(B(H)) 1(90- and deﬁne ':n(B)’ ‘_’n (B)’ ‘_'n (ﬁ)’ Efr(B)’ =n (B) € Rq+2
as
(2.(B);» B (B);, B (B);, EE(B)» E5(B)))
109

=——B—(L «(B), L= (B), Ly~ (B), LB (B), LE(B)).

A.2. Proof of Lemma Al

LEMMA Al: Suppose Assumptions 1-4 hold and qn is deterministic. We let C(4, &)r =
L[ &atds and B(¢, 1) = 2(Cyr [} m2& ds) ™" [ m2a2ds + (f) m2&; ds) T [ n* x
& ds. We set B,(a?%,y) = (d%,y). Let U be a random variable defined on an extension
(Q, F, (7,),20, ﬁ) of (), Foor (F1) =0, P(0)), which, conditionally on F, is standard nor-
mal. The central limit theorem

nPq Er (B (g.) — ' 7T ER (B (g4)) LT
—

VA4,C@, )1+ 8,200 (5C(4, £),C; + CPB(E, 1))

u* (A2)

holds if either of the two following conditions is true:
(i) We have n'*1'™W — oo, R"™(q,, b) = 0p(1), and q, < Kn'.
(ii) We have n'?.™ < K, R™(q,,s) = o0p(1), g, < Kn'3, and g, — oo.

PROOF: Step 1. In this step, we make some preparations. We write Z57(8"(q,)) —

éf (B™(q,)) explicitly as a partial sum of a triangular array. We drop the argument g, of
B™(q,), 7™ (q,)?, and y™(q,) whenever there is no ambiguity. By definition, we are able
to write

=0 (8)" ~ Z2(E") = e 5 (V) - 00,6 ). (A

In view of (A.3), we introduce forall 1 <j<J,+1,

qn+2 P B
Z/{ (])_anﬁﬁ n(j)(B(n)) IYf’r(j)Yf’r(j)T)a

qn+2

U,(j) = Zn, 75, (0 (B”)” VR (),

n(j) =na+ 8,41 (n;, — ”d), (A4)
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where
Y2 () = (Y s Y (Da) ™ and - QP () = () G-yt G-1m0) i s niy*

We see that (A.4) allows us to rewrite (A.3) as

AEB(B) — 7E (™) —§§jum—awn (A5)

Defining Y (j) = (Y ()15 -+ -5 YE()n,)T, we further introduce forall 1 < j <J, +2,
qn+2 9 .
V() = Z ﬁiﬂ_ﬁ- tr(Q, (B”) Y (DY (D7),

‘In+2

vm—zm—m (., (B™) " QYC())).

(A.6)

Finally, we let J, = n"/2.") + g, and denote 7, (m) := (2" — 1) [nyJ ;'] and i1, (m) = 7ig(m+
1) — 1q(m) for m > 0. To simplify exposition, we assume that there exists such an integer
J, that nd(Jd) = n, (this is without loss of generality, as we have J, — oo under either
condition (i) or condition (ii) in the statement of the lemma). And we define, for two
integers m and p,

-~ ng(m) Cip G=1/20p i (=1/2)p
O(m, p)kJ = Z (O”d)ﬁd(m)"'i,k(O”d)ﬁd(m)"'i’l(e e )’ (A7)
i=1

R =Yy (DY (D = Q0 (D

_ "M A.8
Ry(ym, p) =Y O(m, p)iiRpi () A9

k=1 I=1

Step 2. This step is devoted to proving asymptotic properties of various moments re-
lated to the quantity R(j). Here, R;(j) is a d-dimensional vector indexed by (m, p)
(ordering does not matter), whose components are defined in (A.8). We let F*(j) =
o(ec(k);:i<nyg, k <j—1) be the o-field generated by the sequence of all ec(k) with
k<j—1,and FX(j) = o(x;:i < (j — 1)n,) be the o-field generated by the sequence
of all y; with i < (j = Dng, and denote F(j) = Friuj-1) ® FX(j) ® F°(j). According
to the definitions of Y and Q):¢, we have that for all 1 <j =Jao, ERpu(Dedl F()) =
(D22 () 0, (k) — 51'21)(}1@ + Knd)k ;» where K “and Kh are n, X n, square ma-
trices given by (Knd)k,l = Lipmtrn — Lipp1=ksn and (Knd)k,l = (Knd)ndﬂ,k,ndﬂ,l According
to Assumption 4, we have Y7 h*|«\"| < K. Furthermore, the definition of O matrix
indicates that for all 0 <m < J,, all ny(m) <i <ny(m+1),and all 1 < k < n,,

100, )i,si| S (g iak) A g "2, (A.9)

Here and in the rest of the proof we omit mentioning the argument m of 7, and ny,
unless necessary. We also notice [(O,, )i, +in,+1-k| = [(On,)ii,+ix| and, therefore, use As-
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sumption Al to conclude that for all 0 <m, m’ < Ty — 1,

ng Ny

sup ZZ(Ond)ﬁd(m)Jri,k(Ond)Ttd(m’)Jri’,lE(Rfl(j)k,l|f(j))

I k=1 1=t
< K(1")’ n g (m)iig(m'). (A.10)

We immediately obtain, using the definition of 5(m, p) given in Step 1, that for all 0 <
m=< .Id — 1,

sup|E(R;(j, m, p)|F()))| < K () n;* . (A.11)
P

Now we study E(R(j, m, p)R;(j, m', p')|F(j)). We first introduce some shorthand no-
tation:

Rp(DNiea =E(Ru (il F (),
Res(MNiraw =Rp(DNer RN + Re(Nier (D + Qr (DerRpp (D

KAINK' AU
. n o\ 4 n n n n
Res(Diawer = (L"nc(f)) Cumy(e) > 62,0/ 00 6",

p=—00

kK 4

k !
RfS(j)k,l,k’,l’: Z Z Z Z (_1)k+k’+l+l'—(s+s’+r+r/)Rf.4(j)j’m/,r,,

s=k—1r=I-15'=k'-1r=I'-1

Ris(Niikr =Rp(DNiaRp(Dir + Rps(Niriw +Rps(Niwrr +Rys( i

It is easy to verify, again using the definitions of Y and ()¢, that

E(Ra(Nia R (el FG)) = Q0 (D (rae + Q0 (D (e
+ Reps (Dt (A.12)

We observe from the definition of Q¢ that

ng g ~ 0

. ng(m) +i)m
Z Z(O"d)ﬁd(’”)"'iak(O”d)ﬁd(m/)‘f'i’JQZ’C(])k,l = 8m,m/8i,i/f<cos (ndi—f—l); ]>, (A.13)
k=1 I=1

where we use the shorthand notation f(A; j) := f(A; 62()), vc(j), £c(j)%) and Lem-
ma Al of Da and Xiu (2021a). The function f(A; o2, y, A,) is introduced in Section 3.1.
We can further obtain, using Riemann approximation, that for some a, — 0 and all
O<sm=<Js—1,

g ) ) ) ) ~ . 2
—im i T G NP )4 ng+i)m .
sup| (e 7 ¢ Y e o (o AT
jsp.r i=1 nd+1
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! 4—:1 /OWCOS(M) Cos(p/)\)(%(] )fc(]) * gcj(z]) (" =1)m +2'"A)2> dA

< @, (f1gn ™ + 2T (1)) + Kig2omd 75 (o). (A.14)

Here, we use Assumptions Al and 4 and the definition of 77,. On the other hand, (B.46)
yields

K(t)* . K(1)*
0 =1 +1) (k=12 +1)(K =1

Sup|Rf4(j)k,z,k',1'| < . (AQ5)
i

(|k =&

+1)

In addition, we notice [(O,, )i, +ik+1 — (On,)iiy+ik| < an ‘g forall0 <m < JNd —1, again
directly from the definition of O matrix. Combining this inequality with (A.9) and (A.15),
we obtain, using the definition of O(m p), thatforall 0 <m,m’ < -1,

ng ng ng nq

ZZZZO(’” Pk, lO (m’ P)k/ v Rys (D

k=1 I=1 k'=1 1=

sup
jpsp

< K(L(”)) i, (m) i, (m')n;’ logn. (A.16)

Substituting (A.10), (A.13), (A.14), and (A.16) back into (A.12) and the definition of
Rs(j, m, p) in (A.8), we obtain that for some o, - O0and all0 <m,m' <J, —1,

sup [E(R; (j,m, pYR; (j. m', P)IF ()
_ Sm,m/ Sﬁdﬂ(-m)
X /07 cos(pA)cos(p'A) (Uc(])fc(]); ZCJ(ZJ) (@"=1)m+ 2m)‘)2> d’\‘
<q, (Sm,m/ﬁd(m) (l’l72 + 24m.]_d_4(b(n))4))
+ K () 73 (m) s (m') g 10g 1+ 8 wita ()27 T (u) ). (A.17)

Next, we study E(R;(j, m, p)*|F(j)). We introduce some shorthand notation:

| SINININING

. n )0 n n n n n n
Rf7(])k,k’,l,l’,r,r’ zcum6(s)(b( )TIC(])) Z 9( ) 9( ) 0( ) 0( ) 9£ )Pef )p,

p=—00

. W\ 8
Rf8(])k,k’,l,l’,r,r’,s,s’ = cumg(s)(a(”)nc(]))
kANIAFASAK AU AP AS'

X Z 0(") 0(”) 0(") 0(") 6(”) 0(’7)p0£")p6§”)p
p=—00
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As in (A.12), in the special case in which the third and fifth moments of ¢ vanish, and for
all (j, m, p),
4
E(R;(j:m, p)IF(j) = D _Rys (o m, p)- (A18)
s=2
Here, explicit expressions of ﬁfs (j, m, p) are omitted for the sake of space. The key is that
we split the left-hand side such that R(j, m, p) only depends on (O(m, p), 3, R2()))

for s =2, on (O(m, p), S, Rp(j), Rys(j)) for s =3, and on (O(m, p), 3, Rp(j), Rs7(j),
Rys(j)) for s = 4. Here, and only here, we use % to denote a n, x n, matrix whose entry
Sk = QVC()ik + Rpa(j)ix. Nonzero third and fifth moments require only heavier no-

tation. Importantly, here we only consider E(R;(j, m, p)*|F(j)) under fixed m and p,
as this is all we need. For s = 2, applying (A.10), (A.13), and (A.14) immediately pro-

vides a bound on R (j, m, p). For s = 3, R;s(j) also appears. The same as proving
(A.16), we can bound the product of Rs(j) and O,, matrices using (A.9), (A.15), and

[(On,)iiy+ier1 — (O )iiyvikl < an/zﬁd. For s = 4, we need to analyze R7(j) and Rs(j).
Again, all we need is a bound similar to (A.15), which comes from trivially generalizing
the proof of (B.46). Let us emphasize that results such as (A.9), (A.10), and (A.14) be-
come simplified under our special case of fixed-m. We then have that for all 2 < s <4 and

fixed m and p, sup; |Rfs(], m, p)| < Kiin™*, which, given (A.18), immediately leads to
that for fixed m and

supE(R;(j, m, p)*1F(j)) < Kin™*. (A.19)
J

Now we prove that for all (j, m, p),

E(R;(js m, p)(My,, = My, )IF(j)) =0, (A.20)

for all M that is either W in Assumption 1 or a bounded F,-martingale orthogonal to .
We define

ng  ng

Rpu(om, p) =Y > O(m, p)eMi X (NAXC(),
k=1 I=1

Uz ng
Rpo(jom, p) =) Y 0(m, p)ibiU (HAUC()),
k=1 I=1
— d M ~
Rys(om. p) = Y 0(m, pleibiU (AT X()).
k=1 I=1
Because QV€(j)i, is F(j)-measurable and M is a F,-martingale, the definition of

R;(j, m, p) provided by (A.8) indicates that (A.20) comes directly from that for s €
{1, 2, 3} and for all (j, m, p),

E(Ry, (s m, p)(M,,, — My, IF () =0. (A21)

We let .7?(]) =F(J)®0(ec(j)i: i <nq). From the definition of &c(j), we clearly have that
ARUC(j) is F(j)-measurable for 1 < k < n,. Therefore, given that c(j) is independent
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of F,, and {y; : i > 1}, as required by Assumption 3, we conclude

E(MUC(DMUC()M,,, My, NF()) = MU (DMUC(EM,, M, ,, 1F()-

This immediately proves (A.21) for s = 2, as M is a (F,)-martingale. Since by definition
ec(j) is also independent of F*(j), we have E(A;UC(j)|Fw ® FX(j) @ F*(j)) = 0. Be-
cause AT XC(j)(M,, ) is Fo ® FX(j)-measurable and we have F(j) C F ®

ing t(l Dng

FX(J) ® F(j), we readily obtain (A.21) for s = 3. Next, we observe that (A.21) obviously
holds for s=1and M =W as
(AnXC(])AnXC(])(Mt/nd - Mt(jfl)nd ) |‘F(-]))
= oc(NEMW (DAW (YW, = Wiy, IF())-

Each of AiW (j), AjW (j), and (W,, — W, ,, ) is an increment of the process of W after

time #;_1),,; thus the F(j)-conditional expectation of their product vanishes. Finally, we
prove (A.21) for s = 1 when M is a bounded (F;)-martingale orthogonal to W. We define

ﬁ%(s; j,m, p) =/ Rs(us j, m, p)dW,,
1,

G=Dng

ﬁfS(uija m7 p) :/ 5(””, p)k(s),l(r) dw/r’
1,

(j=Dng

where k(s) = min{k : t(j), > s} and [(r) = min{/ : £(j), > r}. Because we have ﬁ}l (j, m,

p)= 2[1:’"41) _;-4(s; j,m, p)dW; and ﬁ;%(s; j, m, p) is F,-measurable, the fact that M
j—1)n

is orthogonal to W' directly indicates E(R,(j, m, p)(M,, — M, 1)nd)|'7: (7)) =0 and we

have proved (A.20).

Step 3. In this step, we prove a central limit theorem of the quantity ) ; E2W,3G) -

Vn(j)). We first define n, = max{i : t;, < ¢t} and J(¢) = |n,/ns] + 1. In view of (A.11) and
(A.19) proved in Step 2, we have that for all fixed (m, p) and all ¢ > 0,

J(5)
sup (nJ)"* Y E(R(j, m, p)IF()))| < KI()n™'* = 0p(1), (A22)
- 70 —
(nJ0)* Y EB(Ry(j, m, p)*|F(j)) < KI(1)n™""* = op(1). (A.23)

j=1

The last steps in both lines come from (B.2). In view of the subsequence argument
(see, e.g., Andrews and Cheng (2012)), we suppose without loss of generality that both

n2™j " and YT k| ”) have limits as n — co. Next, we introduce shorthand notation
a=1lim, . n"2"J", 2 =1lim, Y7 Km ,and A(N), = o2& T + a?>n> 222 We ob-

j—OO



WHEN MOVING-AVERAGE MODELS MEET HIGH FREQUENCY DATA 2813

serve that for fixed (m, p) and (m', p’), (A.17) indicates that for some «,, — 0,

sup|E(R; (j, m, p)R(j, m', p)IF(j))

<a,ign. (A24)

—48,,,,,”/%/ cos(pA)cos(p'A)A((2" — )7 +2"A )(n, l)d)\
0

On the other hand, we notice that for fixed m and mm <A < (m + 1),

Eln A\, . — " ANE dt
d 7(n,j—1) T (1) tSt

q

D=1+ D (e — EcD)X ()i

i=1 i=1

<KE +o(ng) =o0(ny). (A25)

The first inequality comes from that A(A), is locally bounded by Assumption Al, the
observation scheme described by Assumption 2, and that E(sup,, ; 1)<;<,(.j | 4(A): —
A(A)7n,j-1y|*) = 0(1), indicated by (B.33). To obtain the last equality, we also use that
x(j); is i.i.d. and has zero mean and bounded second moment, from Assumption 2. Com-
bining (A.24) and (A.25), and noticing that the boundary summand is negligible, we ob-
tain for all fixed (m, p) and (7, p’) and all fixed ¢ > 0,

= J()
%Z Rf(],m p)Rf(],m P)IF()))

—E(R;(j» m, p)IF())ER(j» m', p)IF())))

m+1 T t
= % / cos(pA) cos(p'A) / A((2" = 1) +2"2) & dsdh + op(1).  (A26)
0 0

Here, we use (A.11) to bound the second term in the summand. Further, we notice that
R (j, m, p) is F(j)-measurable for each (m, p) and n and that J(¢) is a (F(j))-stopping
time for each n. Finally, we observe that fot A(m, A)?ds is F-measurable and continuous
in t. Therefore, in view of (A.22), (A.26), (A.23), and (A.21), Theorem 2.2.15 of Jacod and
Protter (2011) indicates that for all ¢ > 0,

172 (0
o) SR Ry (a2

where R /() is a continuous process defined on the extended space (Q, F, (F/) =0, P) and
which, conditionally~ on F, is a centered Gaussian process with independent increments
whose component R (¢, m, p) satisfies

E(ﬁf(t, m, p)ﬁf(t, m', p')|Fs)
2m+15m "

" ’ ' m __ my\2 g1
— /0 cos(pA) cos(p A)/O A(2" —1)m +2"A) & dsdr. (A28)
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Now we relate ZJ(’) R(j) to Z]"”(V (/) = V.(j)). Define ©, 0 € M,,, and O(m, p) eR
as

®=Zﬁi7&3_ , ©=0,00,, (A29)
i=1 !
@ 1 f’d(m)(:j e 1(/2))1; e 1(/2)) A30
- ~ o~ . ng(m ng(m . .

(m, p) 4ﬁd(m) ; 11d(m)+z,nd(m)+t( + e ) ( )

Following the same reasoning as in the derivation of (B.25), we obtain that for fixed
(m, p) and under lim,,_,,, n'/2."J " — a,

(ndy)"'O(m, p) = O*(m, p) + op(1). (A31)

Here, the probability limit ©*(m, p) is given by &*(m, p) = 1 [~ (7)* (" = V)m +
27)) cos(pA) dA, where ©*(A) = 2(1 + &?a®A?)*(2aacos((1 — a)A) — L2 sin((1 —
a)A)), with the short-hand notation a = C;l/ZT‘ng(fOT n2é ds) . We also use that ei-
ther condition (i) or condition (ii) holds. Next, we define

J(T)

(M, {P.}) Z Z O(m, p)ZRf(J,m p)- (A32)

m=0 p=1-Py,

Because of (A.31) and the fact that @*(m, p) is F-measurable, the F,-stable con-
vergence in law of Zﬁ? R;(j) stated in (A.27) immediately indicates that for all fixed
(M, {P,}),

(an) PR (M, {P}) 57 Ry (M, {P,)). (A.33)

Here, ﬁg(M ,{P.}), conditionally on F, is a centered Gaussian R-valued process with
independent increments satisfying

E(Re(M, {P,}) 1 Fx)

2

Pm T
Z / ( 0*(m, p) cos(p)\)) / A((2" = 1) 7 +272) € dsd.
p=1-Pp, 0
According to Theorem I1.8.1 of Zygmund (2002), we have limp_ ., Zi;l_l, @*(m, p) x
cos(pA) = O*((2" — 1) + 2" ). This indicates

2 T 0
lim lim E(R,(M, {Pm}) |Fu) = T/ / O (M) AV dsdA.
0 0

M—o00 P—o0

= (Saa+4(1—a))C(4, &)r + aaCiB(¢, ). (A34)
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Here, P stands for ming.,,<y P, and for the second equality we use

2

8 /OOO M1+ /\2)74 (2cos(b)\) —

w

2
. 5+4b, k=0
bA) ) dr= : :
sin( )> {1, ke{l,2).

(A.35)

From the construction of ®(m, p), R;(j, m, p), Re(M, P), J (1), V,(j), and V,(j), we
directly have

Jq+2

V() = Vai) = RelTa = 1, {a(m)}). (A.36)

j=1

Using the bounds on @(m, p) provided by (B.24) and (B.25) and the conditional moments

of R;(j, m, p) provided by (A.11) and (A.17), plus Cauchy-Schwarz inequality, we are
able to show that for all € > 0, there exist fixed M* and P* such that for n large enough
and all fixed M > M*, M’ < M*, and ming,,<p» P, > P*,

() (B[R (Ta = 1, {a}) = Re (M, )|
+E|R, (M, {is}) — Ry(M', {P,,})|) <& (A37)

Here, we also use that J, — oo under either condition (i) or (ii). Again we omit writing
the m-dependence of 71,. Combining (A.33), (A.36), and (A.37) immediately leads to F.-

stable convergence in law of 1(nJ,)"'/2 Z;ifz(v,,( 7) = V.(j)) with asymptotic variance
provided by (A.34).

Step 4. This step concludes. According to Lemma B2, we have

Ja

3 U (G) = Un() = Vi) + V() = 08 (n2(g + 1)V + 04 (1) 7).

j=1

Showing that U, (J, + 1) — U,(J; + 1) and V,(j) — V,.(j) with j e {J, + 1,J, + 2} also
satisfy the same bound is only a matter of notation. At this stage, given the F.-stable
convergence in law of 1(nJ,)~'/? Zfi 2(WVu(j) = V.(j)) proved in the last step, plus using

the relation (A.5) and the estimate (B.2), we have proved the current lemma. Q.E.D.

A.3. Proof of Lemma A2

LEMMA A2: Suppose Assumptions 1-4 hold and q, is deterministic. We set B,(o?,y) =

(0%,y). Let UP be a random variable defined on the extension (Q,F,(F,)i0,P) of
(D), Foos (Fr)iz0, Poy) introduced in Lemma Al, which, conditionally on F.., is standard
normal. The central limit theorem

n'*9 Ep (B (q4)) Ly~ Foo
S,

uv (A.38)
VAGE®@, &)1+ 8,0 (SE@4, £),C; " + CPB(£)1)

holds if either of the two following conditions is true:
(i) We have n'>\™ — oo, R™(q,, b) = 0p(1), and q, < Kn'.
(ii) We have n'?.™ < K, R™(q,,s) = op(1), g, < Kn'?, and g, — oc.
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PROOF: Step 1. We start with some notation. Let (j(m), k(m)) be integers such that
t(j(m)) komy-1 < Trn < t(j(m))kemy and k(m) < n,. Then, making use of the notation J,
defined before (A.30), we introduce for each m > 1 three sequences of random vectors

Tin+a(u+1)Jy/n

Ra(m, a; v) = (afd/n)]/zf dw,

Tm+aviy/n
ng—1
Ra(miu, p) = (nl)"* > AO(u, p)kWZ 0" e(j(m)),,
I=k(m)+1 i=—00
k(m)

Ras(m: u, p) —(nm“ZZAO(u Pk Z 0" e(j(m)),.

i=

Here, the vector R,;(m) is indexed by a integer v and depends on a positive number
a, while the vectors R, (m) and R,3(m) are indexed by integers (u, p) (the ordering
does not matter). The matrix O(u p) is defined in (A.7) and AO(u p)isi= O(u Pit —
O(u p).;- This step is devoted to proving a central limit theorem related to R ,(m) for
s € {1, 2, 3}. For this purpose, we set three independent sequences of i.i.d. random vectors
(U1, Uz, Un3)m=1, all defined on the extended probability space (ﬁ, F, (?,) =05 @), inde-
pendent of F, {¢;}, and ﬁg (M, P) introduced in the proof of Lemma A1l. Moreover, for
each m > 1, U1, Un, and U,,; are all centered Gaussian whose components satisfy

E Uy (0)Uyi (V) = 84,

u+1 ¢#2 T
EU (4, P (i, p)) = T2 / cos(pA) cos(pA) (2" — 1)+ 27A) d,
0
s e€{2,3}.

We aim to show that for all positive fixed « and as n — oo,
(ﬁ?, ( al(m a) RaZ(m) RaB(m)) ) (Rf, (Uml, U, um3)m>l) (A-39)

where we denote by ﬁ” the process on the left-hand side of (A.27), that is, ﬁ”(r) =

% Zm) R(j), and Rf is defined after (A.27). We emphasize that R,(m), for
all s € {1,2,3}, are also n-dependent. We denote by T the [-dimensional vector T =
(Ty, ..., Ty). For any [ > 1, we introduce the random set B; = Ule[(Tm -1/, T, +
1/1] and the random family 7 (n, ) for all integers j > 1 such that (v(n, j — 1), 7(n, j —
1) + n=1%) N B, # (. We also denote by (G,) the smallest discrete-time filtration contain-
ing (F,) and such that T is G,-measurable. Because the process W introduced in Assump-
tion 1 is a (G,)-Brownian motion, and {s € B;} € G, for all s, we can define the processes
W (l), and R} (t) as

(n d)l/2 0

> Ry() ey

Jj=1

t
w(l), = / Loy (s)dW, and R}(1)=
0
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Furthermore, we introduce ﬁ;l)(t) as a continuous process defined on the extended prob-
ability space ({2, F, (ft),zo, @), which, conditionally on F,, is a centered Gaussian R¢-
valued process with independent increments whose components R;[)(t, m, p) satisfy

ERO(t,m, R (6, ', p) )

28m w T t
== / cos(pA)cos(p'A) / A(mar + A)21pg)(s) dsdA.
0 0

Since B, decreases to the finite set {5}, ..., S/}, we clearly have

]E<Sslil?”7€;l) (s) — ﬁf(s) “) — 0, asl/— oo. (A.40)

According to (A.24), the definition of [ (n, /), and Assumption 4, we have for all fixed ¢
and all Lipschitz and bounded function F(x) that depends on the restriction of process x
to [0, #],

lim hmsupE‘F "(l)) (7%’;) =0

j—)OC

(A41)

By virtue of the properties of the Skorokhod topology and the definition of stable conver-
gence in law, (A.40) and (A.41) indicate that (A.39) directly comes from the fact that for
each [ large enough,

Ry, (Rar(m, @), Raa(m), Rus(m)), ) 5" (R, Ut Uz Uns)1)- (A42)

We denote by Q(n, r) the set of all @ such that for any m, m’ € P,, it holds that 7(n, 1) <
T.(0) <7(n,J;—1),and |T,,(0) — T,w(®)| > n~ 1% and also |T,,(w) — 7(n, j)| > n~"/*
for all 1 <j <J, — 1. For positive integer /, we define j'(m,!) = max{r(n,j — 1) +

n 1% < (T,, — 1/1),} and denote by Q(n,r,[) the set of all w € Q(n,r) such that

WSJ Xitr(njompy < 21" for all m > 1. Since the set {T,, : m € P,} is finite, in view of

Assumptlon 2, we have lim,_. P(Q2(n,r)) =1 and lim,_, ., P(Q(n,r,1)) = 1. In view of
the definitions of &c(j), and of Poisson random measure and in restriction to {}(n, r), we
obtain that R,,(m) are independent across s € {1, 2, 3} and that Raz(m) and R,;(m) are

independent of R;. On the other hand, ((Ru2(m), Raa(m))m=1) 5" (Unnzs Upns)m=1)
comes from the definition of matrix O(u, p), Assumption 4, the Lindeberg-Lévy central
limit theorem, and the fact that J; — oo under either condition (i) or condition (ii) (in

the statement of the current lemma). We therefore only need to show for each / large
enough,

Ry, (Ra(m, @),.,) = (R, Upn)1).

From the definition of stable convergence in law, we only need to show that for all
bounded F,,-measurable variable Z, all fixed ¢, and all Lipschitz and bounded function
F(x) that depends on the restriction of process x to [0, ],

( REO) [T Fn (RO, @) ) — E(ZF(ﬁff))]—[Fm(Uml))

m=1
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For this purpose, we introduce the o-fields H"® generated by the variable W (l), for
s > 0, and the filtration (G(/),) that is the smallest filtration containing (G,) and such
that H"® € G(I),. We denote by Q, () the G(I)o-conditional version of probability P on
(Q, F) and Q,(-) the G(I),-conditional probability of the extended space (2, F, P). We
observe that, in restriction to Q(n, r, /) and for n large enough, the G(1).(.;-1) ® F°(j) ®
FX(j)-conditional distribution of R /() is the same as its F (j)-conditional distribution for
all j ¢ J(n, 1), where F*¢(j) and F*(j) are defined after (A.8). We can therefore repeat
the proof of Lemma Al to obtain that ﬁ”’(l) converges stably in law under the measure

Q, toward R() On the other hand, apparently for » large enough, R, (m, ) are G(/)o-

measurable. Therefore it is sufficient to prove that for all bounded G(/),-measurable
random variables Z’,

]E(Z’ﬁFm(Ra,(m, a))) — E(Z’ﬁFm(Z/{ml)). (A.43)

m=1 m=1

We observe that the argument of step 6 of the proof of Theorem 4.3.1 of Jacod and Protter
(2011) can directly apply here and, as a result, we only need to prove (A.43) for Z’ that
is Gyo-measurable. For each m and n, R, (m, @) is a centered Gaussian random vector
independent of G, with identity covariance matrix by virtue of the definition of Poissson
random measure. Moreover, R, (m, ) is independent across m in restriction to (n, r).
Therefore, (A.43) indeed holds for Z’ that is Gy-measurable and we arrive at (A.39).
Step 2. In the sequel, we omit writing the argument g, of 8. We start by defining

R (r) = 7T (B™) — 7B (B™) — 2"ER(B™) + TEE(B™),  (A44)

1 -

Ria(r) = —— > AX7, D Ou A X (j(m)), (A.45)
meP, =1
1 -

Rus(r) = - D AXE, Y Ouma Y (j(m), (A.46)
mePy =1

Here, O is introduced in (A.29). It is straightforward to verify

’f_ITED B(ﬂ) ZRbs(r)+( T,_,Br(B(n)) (,3("))) é (B(n)) (A.47)

Moreover, we note that the structure of Ry (r) is the same as that of ), (U,(j) —

U, (j) = Vu(j) + V.(j)) introduced in step 1 of the proof of Lemma Al. And the struc-
ture of Y ), Opmy A7 X7~ (j(m)) is very similar to that of R.(j) introduced above
(B.16). Therefore, by repeating the proof of Lemma B2, plus using the fact that the set
{T,, : m € P,} is finite and that

lim limsup E(n|A? X" r‘| ) <K lim ['(2)’A(dz) =

-0 4 .00 r—00 {zI(z2)<1/r}
from Assumption Al, we obtain that for s € {1, 2},

lim lim sup E| Lo, Ry, (r)| = o(n27;%), (A.48)

Fr—00 n— 00
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where recall that €1, is introduced before (B.2). On the other hand, by the definitions of
=,(B) and Er, we conclude

ATE,(B™) = ATEL(B™) + 0p(n V2T )?) = 0p(n2TY7). (A.49)

The first equality comes from calculations using Lemma A2 of Da and Xiu (2021a). The

second equality comes from =} (B8™) = 0, because of the definitions of E* and B™, As-
sumption 4, and (B.3). Now we decompose R;;(r). We need some notation:

nq
Ra4(m; u, P) = (n‘ld)l/z Z O(u7 p)k(m)JA?W(j(m))7

I=k(m)+1
k(m)—1
Rus(ms u, p) = (nJa)"* Y~ O, p)eem AW (j(m)),
=1
Ras(m; u, p) = L(")ﬂTmRaz(m; u, p)+ L(")nTm,Rus(m; u, p)
+ O-TmRa4(m; u, p) + O-Tm*RaS(m; u, p)’

ng
Ros(m:u, p) =Y O, pema Yy (j(m)),,
I=1

- 1(J (M) k (m)
Reps(m; u, p) = O(u, p)k(m),k(m)/ o, dW,, (A.50)

(M) g (m)—1
1(j(m))

nd
Ros(m; u, p) = ZO(M, p)k(m),l/ pyds,

=1 1(j(m))1—1
t(j(m);

ng
Rup(miu, p)= > O(M,P)k(m»l/ (o5 — o1,) AW,

I=k(m)+1 1(j(m))1-1

ke(m)—1 1(j(m))

Ris(mie,p) = 3> Ot phions [ (o= o, ) W,
=1 t(j(m))1-1

Ris(m, u, p) = O, Pl U(i(m)), = O, peomaU(j(m)),,

ng—1
Rewo(m; u, p) =— Z AO(M,P)k(m),IL ( ( (m) — N1, Z 0 (m)
I=k(m)
km-1 i
Ron(mzu, p)=— > MO, p)en.t™ (n(j(m)), — n1,-) > 0% (j(m)),
=1 i=—00

These definitions lead to Ry (m; u, p) = S0 Rus(ms u, p) 4+ (nJy) " *Ras(m; u, p). On
the other hand, using the definition of @ (u, p) from (A.30), we have

-1 g

Ros(r) = ——ZAXTmZ > O(u, p)Ros(m; u, p). (A.51)

mePy u=0 p=1-ny4
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Here, J, and 71, are defined in the paragraph before (A.30). We now prove that
Res(m; u, p) foralls €{5,6,7,8,9, 10, 11} are asymptotically negligible terms. Using As-
sumptions Al and 4, Burkholder-Davis—Gundy, that 5(u, p) is deterministic, and (B.18),
wehaveforallOfuffd—l and m € P,,

sup E| Lo, Res(m; u, p)| < Kn™'"*ny'ng, (A.52)
P

sup E| Lo, Res(m; u, p)| < Kn~'logn,
P

12
sup E| Lo, Rer(m; u, p)*| < Kn‘ln‘;lfsz< sup oy — UT,,,|4) , (A.53)
p

Tn=<s<t(j(m)+1)

12
sup E| Lo, Res(m; u, p)*| < anlnglfsz< sup  |oy — o-Tm_|4> , (A.54)
P

t(j(m))<s<Tm—

SUpE| Lo, Reo(m, u, p)| < Kn?nju™,
P

1/2
sup E| Lo, Rt (m; u, p)?| < Kn[;3f13(b(n))2E sup & — &g, |4> . (AS55)
P

Tn<s<t(j(m)+1)

12
sup E| Lo, Ren (m; u, p)?| < anﬁfl(L(”))zE( sup  |& — §Tm,|4> . (A56)
p

t(j(m))<s<Tm—

For the last three inequalities, we additionally use [(O,, )i, ixs1 — (On )i sik| < Kng ity
Since all of the terms on the right-hand side of (A.53)—(A.56) go to zero from the domi-
nated convergence theorem and the fact that both o and § are cadlag, we obtain that for
al0<u<J;—1 and some «, — 0,

sup E| Lo, (Roa(m; u, p) — (1T ) PR us(m; u, p))|
m,p
< Kn '*n3'iig + a,n” Py P2 (A.57)
In view of (B.24), the relation (A.51) and the bound (A.57) lead to

Tg-1 iy

1, - ~ i}
Rb3(r)=—;(n]d)”/ZZAXTmZ > O, p)Rus(m: u, p) + op(n21;%). (A58)

mePy u=0 p=1-iny
That g, — oo when n'/?.™ < K, required by condition (ii), is essential for deriving (A.58).
Indeed, without J, := n'/?/" + g, — oo, the first term on the right side of (A.57), which
comes from Rys(m; u, p) (bounded by (A.52) and defined by (A.50)), would not be
op(n‘l/zfi/ %) as in (A.58), and would generate a non-Gaussian asymptotic distribution
of Rb3 (r)

Step 3. Given (A.58), we now study R, (m; u, p), which is a linear combination
of R, (m;u, p) with s € {2,3,4,5}. In view of the definition of 5(u, p), and using
Burkholder-Davis—Gundy and (B.33), we obtain with direct calculation that for all fixed
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(u, p),

lim limsupE

a—0F,av—>00 ;00

Lo, (Ra4(m; U, p) = Y Rau(m, a; V)R (m, a: p, v, u))'

v=0

=0, (A.59)

lim limsupE

i
a—0T,av—>00 ;o

-1
Log,r (Ras(m; u, p) — Z Ra(m, a; )R- (m, a; p, v, u)) ‘

v=—0

—0, (A.60)

where we use the shorthand notation
Rae(m, a; p,v,u) =2"a' 27! / cos(pA) cos(av((2" = 1)m +2"A) (é7,.T) ") dA.
0

(Note &7, = ér,, as & is cadlag.) Combined with (A.39), we obtain

(ﬁ?’ (Ra2(m), Ro3(m), Rua(m), Ras(m))

mzl)

Li)oc (ﬁfa (um27 umS, um47 umS)le)- (A-61)

Here, (U4, Uns)m=1 are two sequences of random vectors defined on (2, F, (.7-",) =05 @).
anditionally on Fo, (Una)ms1 and (Us)m=1 are mutually independent, independent of
(R¢, Uz, Unz)m=1), and independent across m. For each m > 1, U,,4 and U,,5, condition-
ally on F,, are both centered Gaussian whose components satisfy, for s € {4, 5},

E(Z/{ms(ua p)ums (l/l/, P/)) = (1 + 8p,0)2u8u,u/8p,p’T(§Tm ]l(s=4} + ng—]l{s=5})-

On the other hand, following the same reasoning in deriving for (A.57), we obtain for
al 0 <u < J~d — 1 that sup,,, , Zf;zEHlQ(,,,,)Ras(m; u, p)| < den;”zfzf/z. Therefore, in
view of the central limit theorem (A.61), the bounds on @)(u, p) provided by (B.24) and
(B.25), the F,,-measurable asymptotic limit of @(u, p) for fixed (u, p) provided by (A.31)
under either condition (i) or condition (ii), the integral (A.35), and the definition of
Ras(m; u, p) as a weighted sum of R,,(m; u, p) with s € {2, 3, 4,5} and F-measurable
weighting coefficients, we obtain that under n'2."J ;' — a,

(Rfs (Ras(m)), ) 5 (Rps Usns)m=n) (A62)

where the shorthand notation R s(m) stands for

Ja—1 g

Ras(m) = (nJ_d)’1 Z Z @(u, P)Rus(m; u, p).

u=0 p=1-ny(u)

Here, (U,s)m>1 is a sequence of rand0m~variables defined on (ﬁ, F, (71),20, @), which,
conditionally on F, is independent of R, and across m, is centered Gaussian for each
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m > 1, and satisfies
— 1 1
E(UosF) = T (Saa+4(1—a))(ér, 07, + ér,-07, ) + Fa‘laﬁ(n"}m +m7,_). (A.63)

The shorthand notation « is introduced after (A.28). The analysis from (A.32) to the end
of the proof of Lemma Al indicates that we can replace ﬁ; and ﬁf in (A.62) with, re-
spectively, (n/J,)"2(RTEE(B™) — §TEE(B™)) and U;, where U, is a random variable
on (ﬁ, F, (7,) =05 @), which, conditionally on F, is independent of ({,3).>1 and is cen-
tered Gaussian with E(U?|F,,) given by the right-hand side of (A.34). Therefore, in view

of (A.47), (A.48), (A.49), (A.58), and (A.63), plus using Assumption 2 and the definitions
of E(4, ¢)r and B(§)r, we have already obtained the desired central limit theorem of

1T Ep.A (B (qn)). Q.E.D.

A.4. Proof of Theorem 1

PROOF: We let F(-) be the standard Gaussian CDF. Furthermore, to simplify notation,
we set

]pn(a; L(n)7 g(n))
—r( W (3@) - )
VABE@, )1 + 8,200 (SE(4, £)C;' +3CB(£)1)

€ (—oo,Fl(a))>.

We denote by P the collection of all DGP sequences {P, ", ™}, that satisfy Assump-
tions 1-5. For any set I consisting of parameter sequences {¢™},.;, let P(T) be the col-
lection of all DGP sequences {P, :?, §™},., within P under which {¢(”} € T'. Note that
Theorem 1 is equivalent to

inf  liminfP,(a; ", 0")=a= sup limsupP,(e; ", 6). (A.64)

P, giyep n—>00 P00 gyep  n—>o0

To proceed, we introduce two sets of parameter sequences: I';(a?) = {{t™ :n > 1} :
n'/21M < a’} and T, = {{¢" : n > 1} : n¥/*." — oo}. In view of Lemma A2 and Lem-
mas B1, B3, and B4, we have for any 0 < a*> < oo,

inf liminfP, (a; W, 0(”)) =a. (A.65)

{P,u, 000 }eP (T (a2)UT,) 700

We show the first equality in (A.64); showing the second is a simple repetition.
Let {P,i™, 0™ ¢ P be a DGP sequence such that liminf, If”n(a; i, gmy =
infy liminf,_, .. P, (a; ¢, 6™). Such a sequence always exists. Let {u,} be a subsequence
of {n} such that lim,_, . ﬁ”un(a; 1) gy = infp liminf,_ o P, (a; 1, 6™). Such a se-
quence also always exists. The first equality in (A.64) follows once we show that there
exists a subsequence {v,} of {u,} such that

lim B, (a; 1), §™)) = . (A.66)

n—oo

To this end, we explicitly construct {v,}. Let I's = {{t : n. > 1} : limsup,_, _n"*.™ < oo}
and I'y = {{t™ : n > 1} : limsup, , _n"*."” = oo}. Observe that by construction we have
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{it} e T3 UT,. If {i"} € T'5, we can always find some subsequence {v,} of {u,} such that
{i®} € 'y (a?) with a@* < oo. If {i{"} € Ty, then we can always find some subsequence
{v,} of {u,} such that {{*"} € T',. Thus, to prove the first equality in (A.64), it suffices to

demonstrate that (A.66) holds for any {I, i®, §®"} € P(I';(a*) UT;) with any {v,} and
a* € [0, 00). Given (A.65), this can be proved by showing that for any such {i®”}, there
always exists a sequence {¢("} such that

[} el (a®)UT, and ) =i, vn>1. (A.67)

To do so, we construct another sequence. If v!/2i®) < 4?, we construct {¢!¥ : k > 1} as
follows: (i) Vk = v,, define «® = i{® and (ii) Yk € (v,, v,41), define ¥ = {®y, 12k=172,
We observe that {i®)} € ', (a*) with a? € (0, 00). In the same way, we can construct a {¢"}
that satisfies (A.67) under v!/2i® — oco. So (A.67) is satisfied and we obtain the first
equality in (A.64). The proof is complete. Q.E.D.

REFERENCES

AIT-SAHALIA, Y., AND J. JACOD (2014): High Frequency Financial Econometrics. Princeton University Press.
[2790,2798]

AIT-SAHALIA, Y., AND D. X1U (2016): “Increased Correlation Among Asset Classes: Are Volatility or Jumps
to Blame?,” Journal of Econometrics, 194, 205-219. [2798]

(2019): “A Hausman Test for the Presence of Market Microstructure Noise in High Frequency Data,”
Journal of Econometrics, 211, 176-205. [2793]

AIT-SAHALIA, Y., P. A. MYKLAND, AND L. ZHANG (2005): “How Often to Sample a Continuous-Time Process
in the Presence of Market Microstructure Noise,” Review of Financial Studies, 18, 351-416. [2789]

(2011): “Ultra High Frequency Volatility Estimation With Dependent Microstructure Noise,” Journal
of Econometrics, 160, 160-175. [2789]

ANDERSEN, T. G., T. BOLLERSLEV, E. X. DIEBOLD, AND P. LABYS (2003): “Modeling and Forecasting Realized
Volatility,” Econometrica, 71, 579-625. [2787]

ANDREWS, D. W. K., AND X. CHENG (2012): “Estimation and Inference With Weak, Semi-Strong, and Strong
Identification,” Econometrica, 80 (5), 2153-2211. [2788,2812]

ANDREWS, D. W. K., X. CHENG, AND P. GUGGENBERGER (2020): “Generic Results for Establishing the
Asymptotic Size of Confidence Sets and Tests,” Journal of Econometrics, 218 (2), 496-531. [2788]

BANDL E M., AND J. R. RUSSELL (2008): “Microstructure Noise, Realized Volatility and Optimal Sampling,”
Review of Economic Studies, 75, 339-369. [2789]

BARNDORFF-NIELSEN, O. E., P. R. HANSEN, A. LUNDE, AND N. SHEPHARD (2008): “Designing Realized Ker-
nels to Measure Ex-Post Variation of Equity Prices in the Presence of Noise,” Econometrica, 76, 1481-1536.
[2788,2789,2796]

(2011): “Subsampling Realised Kernels,” Journal of Econometrics, 160 (1), 204-219. [2789]

BELLONI, A., V. CHERNOZHUKOV, AND C. HANSEN (2014): “Inference on Treatment Effects After Selection
Among High-Dimensional Controls,” Review of Economic Studies, 81, 608—-650. [2788]

BIBINGER, M., N. HAUTSCH, P. MALEC, AND M. REISS (2019): “Estimating the Spot Covariation of Asset
Prices—Statistical Theory and Empirical Evidence,” Journal of Business & Economic Statistics, 37 (3), 419-
435.[2789]

COMTE, E, AND E. RENAULT (1996): “Long Memory Continuous Time Models,” Journal of Econometrics, 73,
101-149. [2790]

(1998): “Long Memory in Continuous-Time Stochastic Volatility Models,” Mathematical Finance, 8,
291-323. [2790]

DA, R., AND D. X1U (2021a): “Disentangling Autocorrelated Intraday Returns,” Discussion Paper, University
of Chicago. [2794,2800,2809,2819]

(2021b): “Supplement to “‘When Moving-Average Models Meet High-Frequency Data: Uniform In-
ference on Volatility’,” Econometrica Supplemental Material, 89, https://doi.org/10.3982/ECTA15593. [2789]

FUKASAWA, M. (2010): “Realized Volatility With Stochastic Sampling,” Stochastic Processes and Applications,
120, 829-852. [2791]

GARDNER, G., A. C. HARVEY, AND G. D. A. PHILLIPS (1980): “Algorithm AS 154: An Algorithm for Exact
Maximum Likelihood Estimation of Autoregressive-Moving Average Models by Means of Kalman Filter-
ing,” Journal of the Royal Statistical Society. Series C (Applied Statistics), 29 (3), 311-322. [2799]



http://www.e-publications.org/srv/ecta/linkserver/setprefs?rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:2/yacinexiu16&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:3/aitsahaliaxiu16&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:4/yacpmrfs05&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:5/yacperlan11&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:6/abdl03&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:7/andrewscheng2012&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:8/andrewsxugugg2011&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:9/bandirussell08&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:10/barndorffnielsenhansenlundeshephard08&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:11/NHLSJoE11&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:12/bellonichernohansen2014&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:13/bibingerhautschmalecreiss15&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:14/comterenault1996&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:15/comterenault1998&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
https://doi.org/10.3982/ECTA15593
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:18/fukasawa10b&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:19/gardnerharveyphillips1980&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:2/yacinexiu16&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:3/aitsahaliaxiu16&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:3/aitsahaliaxiu16&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:4/yacpmrfs05&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:5/yacperlan11&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:5/yacperlan11&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:6/abdl03&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:7/andrewscheng2012&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:8/andrewsxugugg2011&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:9/bandirussell08&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:10/barndorffnielsenhansenlundeshephard08&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:11/NHLSJoE11&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:12/bellonichernohansen2014&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:13/bibingerhautschmalecreiss15&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:13/bibingerhautschmalecreiss15&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:14/comterenault1996&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:15/comterenault1998&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:15/comterenault1998&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:18/fukasawa10b&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:19/gardnerharveyphillips1980&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:19/gardnerharveyphillips1980&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V

2824 R. DA AND D. XIU

HANSEN, P. R., AND A. LUNDE (2006): “Realized Variance and Market Microstructure Noise,” Journal of
Business & Economic Statistics, 24 (2), 127-161. [2787]

HANSEN, P. R., J. LARGE, AND A. LUNDE (2008): “Moving Average-Based Estimators of Integrated Variance,”
Econometric Reviews, 27, 79-111. [2789]

HASBROUCK, J. (2007): Empirical Market Microstructure. New York, NY: Oxford University Press. [2791]

HAUTSCH, N., AND M. PODOLSKIS (2013): “Pre-Averaging Based Estimation of Quadratic Variation in the
Presence of Noise and Jumps: Theory, Implementation, and Empirical Evidence,” Journal of Business &
Economic Statistics, 31 (2), 165-183. [2789]

JACOD, J., AND P. PROTTER (2011): Discretization of Processes. Springer-Verlag. [2788,2790,2798,2804,2813,

2818]

Jacop, J., Y. LI, P. A. MYKLAND, M. PODOLSKIJ, AND M. VETTER (2009): “Microstructure Noise in the Con-
tinuous Case: The Pre-Averaging Approach,” Stochastic Processes and Their Applications, 119, 2249-2276.
[2789]

JACOD, J., Y. LI, AND X. ZHENG (2017): “Statistical Properties of Microstructure Noise,” Econometrica, 85
(4), 1133-1174. [2791,2795,2802]

(2019): “Estimating the Integrated Volatility With Tick Observations,” Journal of Econometrics, 208,
80-100. [2788,2791,2797,2801-2803]

JAcoD, J., M. PODOLSKIJ, AND M. VETTER (2010): “Limit Theorems for Moving Averages of Discretized
Processes Plus Noise,” Annals of Statistics, 38, 1478-1545. [2789]

KABAILA, P. (1995): “The Effect of Model Selection on Confidence Regions and Prediction Regions,”
Econometic Theory, 11 (3), 537-549. [2788]

KALNINA, I., AND O. LINTON (2008): “Estimating Quadratic Variation Consistently in the Presence of Endoge-
nous and Diurnal Measurement Error,” Journal of Econometrics, 147, 47-59. [2789]

LEEB, H., AND B. M. POTSCHER (2005): “Model Selection and Inference: Facts and Fiction,” Econometic
Theory, 21 (1), 21-59. [2788,2794]

(2008): “Can One Estimate the Unconditional Distribution of Post-Model-Selection Estimators?,”
Econometric Theory, 24 (2), 338-376. [2797]

Ly, J., AND D. X1U (2016): “Generalized Method of Integrated Moments for High-Frequency Data,” Econo-
metrica, 84, 1613-1633. [2800]

LL Y., P. A. MYKLAND, E. RENAULT, L. ZHANG, AND X. ZHENG (2014): “Realized Volatility When Sampling
Times Are Possibly Endogenous,” Econometric Theory, 30, 580-605. [2791]

L1, Z. M., R. J. LAEVEN, AND M. H. VELLEKOOP (2020): “Dependent Microstructure Noise and Integrated
Volatility Estimation From High-Frequency Data,” Journal of Econometrics, 215 (2), 536-558. [2789]

MANCINI, C. (2001): “Disentangling the Jumps of the Diffusion in a Geometric Jumping Brownian Motion,”
Giornale dell’Istituto Italiano degli Attuari, 64, 19-47. [2798]

MIKUSHEVA, A. (2012): “One Dimensional Inference in Autoregressive Models With the Potential Presence
of a Unit Root,” Econometrica, 80 (1), 173-212. [2788]

POTSCHER, B. M. (1991): “Effects of Model Selection on Inference,” Econometic Theory, 7 (2), 163-185. [2788]

REISS, M. (2011): “Asymptotic Equivalence for Inference on the Volatility From Noisy Observations,” Annals
of Statistics, 39, 772-802. [2789]

RENAULT, E., AND B. J. WERKER (2011): “Causality Effects in Return Volatility Measures With Random
Times,” Journal of Econometrics, 160, 272-279. [2791]

SHIBATA, R. (1980): “Asymptotically Efficient Selection of the Order of the Model for Estimating Parameters
of a Linear Process,” The Annals of Statistics, 8 (1), 147-164. [2794]

(1986): “Consistency of Model Selection and Parameter Estimation,” Journal of Applied Probability,
23,127-141. [2788]

VARNESKOV, R. T. (2016): “Estimating the Quadratic Variation Spectrum of Noisy Asset Prices Using Gener-
alized Flat-Top Realized Kernels,” Econometric Theory, 33 (6), 1-45. [2788,2797,2801-2803]

WHITE, H. (1982): “Maximum Likelihood Estimation of Misspecified Models,” Econometrica, 50, 1-25. [2792]

WHITTLE, P. (1951): Hypothesis Testing in Time Series Analysis. New York: Hafner Publishing Company. [2799]

WILSON, G. (1969): “Factorization of the Covariance Generating Function of a Pure Moving Average Process,”
SIAM Journal on Numerica Analysis, 6 (1), 1-7. [2800]

X1U, D. (2010): “Quasi-Maximum Likelihood Estimation of Volatility With High Frequency Data,” Journal of
Econometrics, 159, 235-250. [2789,2798,2801]

ZHANG, L. (2006): “Efficient Estimation of Stochastic Volatility Using Noisy Observations: A Multi-Scale
Approach,” Bernoulli, 12, 1019-1043. [2789]

ZHANG, L., P. A. MYKLAND, AND Y. AiT-SAHALIA (2005): “A Tale of Two Time Scales: Determining Integrated
Volatility With Noisy High-Frequency Data,” Journal of the American Statistical Association, 100, 1394-1411.
[2789]



http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:20/hansenlunde2006&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:21/hansenlargelunde08&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:23/hautschpodolskij2010&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:25/jacodlimyklandpodolskijvetter09&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:26/jacodlizheng14&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:27/jacodlizheng15&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:28/jacodpodolskijvetter10&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:29/kabaila1995&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:30/kalninalinton08&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:31/leebpotscher2005&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:32/leebpotscher08&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:33/lixiu14&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:34/limyklandrenaultzhangzheng&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:35/lilaevenvellekoop2017&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:36/mancini01&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:37/mikusheva2012&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:38/potscher1991&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:39/reiss11&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:40/renaultwerker11&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:41/shibata1980&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:42/shibata1986&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:43/varneskov2016&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:44/white82&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:46/wilson1969&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:47/xiu10&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:48/lanmsrv06&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:49/twoscales05&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:20/hansenlunde2006&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:21/hansenlargelunde08&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:23/hautschpodolskij2010&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:23/hautschpodolskij2010&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:25/jacodlimyklandpodolskijvetter09&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:26/jacodlizheng14&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:27/jacodlizheng15&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:27/jacodlizheng15&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:28/jacodpodolskijvetter10&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:29/kabaila1995&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:30/kalninalinton08&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:31/leebpotscher2005&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:32/leebpotscher08&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:32/leebpotscher08&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:33/lixiu14&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:34/limyklandrenaultzhangzheng&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:35/lilaevenvellekoop2017&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:36/mancini01&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:37/mikusheva2012&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:39/reiss11&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:40/renaultwerker11&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:41/shibata1980&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:42/shibata1986&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:42/shibata1986&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:43/varneskov2016&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:46/wilson1969&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:47/xiu10&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:48/lanmsrv06&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:49/twoscales05&rfe_id=urn:sici%2F0012-9682%282021%2989%3A6%3C2787%3AWMAMMH%3E2.0.CO%3B2-V

WHEN MOVING-AVERAGE MODELS MEET HIGH FREQUENCY DATA 2825

ZYGMUND, A. (2002): Tiigonometric Series, Vol. 1. Cambridge University Press. [2814]

Co-editor Ulrich K. Miiller handled this manuscript.
Manuscript received 14 August, 2017; final version accepted 18 May, 2021; available online 3 June, 2021.



	Introduction
	Model Setup
	Main Results
	Likelihood-Based Estimation
	Model Selection
	Uniform Inference on Volatility
	Asymptotic Variance Estimators
	Implementation

	Monte Carlo Simulations
	Conclusion
	Appendix A: Mathematical Proofs
	Notation
	Proof of Lemma A1
	Proof of Lemma A2
	Proof of Theorem 1

	References

