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Abstract

This supplement contains lemmas supporting Appendix A and proofs of Corollary 1 and

Proposition 1.

Appendix B Auxiliary Lemmas

Lemma B1. Suppose Assumptions 1 - 5 hold. Then we have that for @, described in the statement
of Theorem 1,

(i) Under n*/2.") — oo, it holds that Ry (Gn,b) = op(1) and R™ (Gn,b) = op(1).

(ii) Under n'/2(") < K, it holds that Ry,(Gn, s) = op(1) and R™ (G, s) = op(1).

Proof. Step 1. (Technical preparation) We establish in this step some technical results. We start by

introducing some notation:

Ro = 2n" ' (L,(5; (A) V(@) — L (G (), 'Vn(Qn)))a
Ry = —2n"'(L.(Gh %(qn)) — Li(a™(g2)% A" (q))).
Re = —2n ' (L5(0™(qh)% 7" (qh)) — Li(Cr,+™)).

Note that ¢} is defined in Assumption 5 and here we suppress the dependence of ¢ on k. We recall

the relevant definitions

Gn,a1c = argmin (2¢ — 2L, (52(9),7,(¢))) and L, (525(q),9n(q)) = max Ly (0%, 7),
1 (02,7)ely " (q)
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2
and notice that the requirement g,, > @, a1c and the definition of 117" indicate Ln(32(G0), 7, (@0)) >

Ln(ﬁi(f]\mmc),?n(fj\n,Alc)). We then obtain

— 20" N(L5(G0(@n), A (@) — L3 (Cr,v™)) < R+ R+ Re + 207 (g — Gn)- (B.1)
We now study the properties of R,, Ry, and R.. First, we define €/ as the set of all w such that
K 1<nA, <K (it shall not be confused with the matrix €2,,) and observe that

n—oo

1 t
n"tn, = T/ & 'ds+op(1) and lim P(Q),) =1, (B.2)
0

which are direct results of Lemma 14.1.5 of Jacod and Protter (2011) and Assumption 2. Moreover,
step 2 of the proof of Lemma A2 of Da and Xiu (2021) shows that, uniformly over —7 < A < 7 and
(0% y) €T,

1

[e.e]
SO SK KN <A+ f(h) SEXE and ) Pyl <KX (B3)

j=1
where x2 = x?(0%,7,4,). Straightforwardly, Lemma A9 of Da and Xiu (2021) indicates that for
some o, — 0,

lim P(}Ra\ < (n*IE;(cT,%”)) T LA (G2(G0), A (@) + 1)) —1 and Ry=op(1). (B.A)

n—oo

(o

Note that L% (Cp,~v™) — L% (02, v) is always positive over IT;, *7) . Here for the second result we addi-
tionally use that |R.| < K in probability, because of (B.2) and that (B.3) indicates %E:L(CT, A1) —
%Eg(a(")(qn)% 7™ (g,)) < K for all {g,,}. Further, according to Lemma A10 of Da and Xiu (2021),
it holds that for any two sequences {g,} and {¢},} and with probability approaching one,

1 = n n 1 T * n n ~(n ~n

— L0 (@) A" (@) = La (0™ (@)% (@) ~ U (IR Iy — IF71E,,)- (B5)
nT nT n

On the other hand, Assumption 5 indicates 13 [|%™ ||%qn) — 0, which, combined with (B.5) and (B.2),
shows R, = op(1). Therefore, in view of (B.1), (B.4), and that ¢}, — ¢, < ¢}, = o(n), we can write
for some a;,, — 0,

Li(CrA™) = L (@7 () A (@) | < e

lim IP(

n—oo

L5 Oy ™) — L5(62(30), 7, (@) + ”D —1,

which immediately indicates
Ly(Cr, /™) = L3(57(@0), An(@2)) = op(n). (B.6)

Step 2. (Main proof) We start by proving the convergence of ﬁn((’]\n,b) under n!/2,(W - oo



and Ry, (Gn, s) under n'/2,(W < K. Since both (62, 7,) and (Cr, ™) belong to Hg{ﬁﬁ), according
to Theorem 4.1.1, Proposition 4.5.3, Proposition 3.2.1, and Theorem 3.1.2 in Brockwell and Davis
(1991), there exist unique (x2, ¢,) and ((x™)?2, $(™) such that for all —7 < A < 7,

FONGE(@), A (@), An) = X29(Nidn)  and  f(N Cr v ™, AL) = (x™)2g(N; 0™), (B.7)

where we recall that f(\;02,v,A,) is defined in Section 3.1, and

[e.9] o0

1 inf 2/ >0 and 1 inf )3 5 0. B.8
+ze<g|1z|§1j 1%’]2 an +z€(g|12|ﬁlj 1¢J “ (B-8)

In view of (B.7) and the definition of L%, the bound (B.6) can be rewritten in terms of (x2, ¢,) and
((x™)2, ¢(™), which leads to

Xa 1" fN O™, A

= 1 —1= 1). B.
o) and on | ez am Ay T erd) (8.9)

Here we use (B.2) and the fact that (27)71 [™_g(X;¢(™)/g(\; ¢,)dA > 1, indicated by (B.8). With
x(™ calculated using Assumption 4, the first part of (B.9) indicates that log X2 = log(:(™)2 + op(1)
under n'/2,(" — oo and that P(x2 ~ n~') — 1 under n'/2,(") < K. Substituting the estimate of x2
back into (B.3), plus using the second part of (B.9), plus (B.2), immediately allows us to prove the
convergence of ﬁn(qAn, b) and ﬁn(qAn, s). Now we prove the convergence of R (g,,b) and R (G, s).
We let

Ra(q) = Ly(Cr.v™)) = Li(0™(9)*. 4™ (4))- (B.10)

If we compare (B.10) with (B.6) and compare ﬁn(qAn, b) and ﬁn(ffn, s) with R (G, b) and R(™ (G, s),
a scrutiny of the reasoning above reveals that it is sufficient to prove that R;(g,) = op(1) holds
under either n'/2,(" — oo or n'/2(™ < K. Since according to (B.2) and (B.5) the violation of
Ra(qn) = op(n) indicates the violation of [bi”/‘i(”)ﬂ%an) = op(1), which, in view of Assumption 4,
contradicts the established fact that R, (G, b) = op(1) under n'/2,( — oo and ’Iin(fjn, s) = op(1)
under n'/2, (") < K. We then indeed have that Ra(gn) = op(1) holds under either nt/2, ) - ~ or
nt/2,(n) < K and conclude the proof. §

Lemma B2. Suppose Assumptions 1 - J hold. Let U,(5), Un(5), Va(4), and V,(5) be defined by
(A.}) and (A.6), where q, is deterministic and we set Bn(c?,7) = (¢2,7). Then

n(3) = Val(d) + Vn(4)) = OP(nl/z(Qn + 1)1/2 + n3/4<b(n))1/2)~

]
=
=
|
N

holds if either of the two following conditions is true:

(i) We have n'/?.(") — oo, and g, < Kn'/3.



(ii) We have n*/?.(") < K, g, < Kn'/?, and g, — oo.

Proof. Step 1. (Characterization of Uy, (j) — Un(j) — Va(j) + Vn(j)) We start with some notation:

ng ng

Ra(i) = DD Oun(AFXPT(HATXPT(j) — AFXC(HARXC () = QF (7)in + Q4 ()
i=1 k=1
ng nNg

Ra2(j) = DY Ous(AFX()HAFU() — AFXC(HAFUC (),
i=1 k=1

Ras() = DY Our(ATUGALU(G) = AFUCG)ARUC () — 2 (Gir + 2 (F)ae)-
i=1 k=1

Here © is defined in (A.29). By definition we have for 1 < j < J,

Un(f) = Un(7) = Va(5) + Vn(5) = Ra1(j) + 2Ra2(j) + Ras()- (B.11)

The lemma then follows if it holds for all s € {1,2,3} that

Jaq
D Ras(i) = op(n'?(gn + 1)1/ + 0?4 ()1/2), (B.12)
j=1

Step 2. (Decompositions of Rs(j)) This step is devoted to decompositions of R,s(j). Let

Rot(i)ey = ARXPT(GHATXPT(5) — ARXC(GH)AIXC(5) — Q5 () + Q5 (),

Mg Ndq

Ro(jm,p) = D> O(m,p)riRon (ks

k=1 1=1
where O(m, p) introduced in (A.7). We can then write that for 1 < j < Jg,

Jd 1 ng m)

= > Omp)Rulim.p). (B.13)

m0p1nd()

Here Jy and 7ig(m) are defined above (A.7), and ©(m,p) is defined in (A.30). Now we further

decompose Ry (4, m,p). To do so, we define

)k t(j) nd 14

Re2(J)ks = / Mgds/ pgds, Ria(Gim.p) = > O(m,p)iRua ()i,
(k-1 1)1 k=1 i=1
o . na_ 4

Rz (J)ks = 2/ pedsAF X7 (), Ris(Gm.p) = > > O(m,p)iiRus ()i,
(k-1 k=11=1

. SB/ 2 G2 2 = /- i~ .
Rea(j)k = AEX7 ()" — /( | ogds, Roa(ym,p) =Y O(m, p)ikRoa ()i
t J k-1 k=1



, ne oo (ARW())? T = = .
Ris(§)k = —02:(5)éc(4) (”(‘m - ) ; Ris(G,m.p) =Y O(m, p)exRus (3
B . nd ng
Rus (ki = 2Rus (1) AT X P (), Ri(3:m,p) = > > O(m, p)kiRos (ks
k=11=k+1
B ng ng
Rz (ks = 285X () Res ()1, Ryr(Gm.p) =Y > Om,p)riRur(§)ky,
k=1 1=k+1
where we use the notation A?X5(j ft(] osdWs and Ryg(j); = APXPE(j) — APXC(j). Using

the definitions of Q2 () and Q¢ (j ), we obtam that for 1 < j < Jg,

7
Re1(j,m,p) = > Ris(d, m,p). (B.14)
s=2
Next, we decompose Rq2(j). Moreover, we set 77(j)x = 1(j)x — nc(j) and define

k 0
UG =2 > aGwb” ec@m: U@k =10k Y. 04, EG)m — e(i)m).  (B.15)

m=—0Q m=—0Q

_ "d  Nd t(5)

Rcl(jamap) = ZZO m,p zk/ ZdSAZU(])a
i=1 k=1 t(5)i-1

Rea(jom,p) = Y Y O(m,p)isAr XB()ARTU(j),
=1 k=1

_ Td "d ~ —

Res(Gom.p) = Y O(m,p)in(AFXP(j) = AFXC(4)AFUC (),
=1 k=1
nq

Rea(j) = > APXP(j ( ZA@MU( e+ OimgU(f)ny —@Z-,lU(j)o).

=1 k=1

This leads to, by observing the relation U (5) — U (j)x = U(j)k + U(j)k, which in turn is a direct
result of Assumption 3 and the definition of U®(j), that for 1 < j < Jy,

RGQ(j) = ZRcs(j)v (B16)

where R.s(j) = ng;ol Zi(ﬁ)ﬁd(m) é(m,p)ﬁcs(j,m,p) for s € {1,2,3}. We now decompose R3(j).

For any double-indexed variable A; i, we set AA;, = A; 41 — A; i, and AAi,k = AAjp1p — AA .



Next we introduce shorthand notation Rgn) = (1)2; and define

ng—1ng—1 iNk
Ral) = 3 X Bewnatin( 3 06eliein - rfl, )

i=1 k=1 l=—00
ng—lng—1 Nk
Ra2(j) = — Z Z A@z knc < Z 9 n k; lEC ihec(G— "i|(z )k>
i=1 k=1 l=—00

ng—1ng—1 iAk

Ras() = 2> 3. Z A6k ((7)in(Gik =m0 e()ie(G)m,
i=1 k=1 =1 m= l+1
ng—1ng—1

Ras(j) = 22 Z Z Z kA@sz(n)9(n) e(5)ie(F)m,

i=1 k=1 l=—ocom= l+1
ng—1ng—1 0

Ras() = =233 Y Z nc(7)ne ()20 10)01" . ec(j)iec (Fm,

=1 k=1 l=—ocom=Il+1

ng—1
Ras(i) = 2 ) (AO1.U(j)o — AOp, kU ()ny)U (G
k=1
ng—1
Rar(j) = —2 ) (AOLwn(i)on(iiry” — A, kn()nan(Diil").
k=1
ndfl
Ras(j) = —2 > (801U (j)o — Ay, kU (1)n)UC ()i,
k=1
ng—1
Rag(i) = 2 Y (AOumE ()R — AOn, it ()R ),
k=1
Rawo(j) = ©11(UoUo + Un,Un, — USUS — US US) — 20,1 (UoUp, — USUS)
~011(0()0n(G)o + 1) ng(F)ng — 202G)ES” + 20,1 (1(F)ngn(i)o — 12 ()RS,
ng ng—1 ng—1
Rai(j) = -2> > A9i,k+1(ﬁgi)k+1 - Rgz)k) +2) A@1,k+1('761(21 + Ri(ﬁr)ndﬂ)
i=1 k=1 k=1

(4®nd 1”5:1)-1—1 - 2@171/%&”) - 2@nd,nd’%g:z)d+1)

Using the definitions of QY (j) and Qg’o(j), one can verify that for 1 < j < Jy,
Ras(j) = (L)? ZRdl - ZRdZ (B.17)

Step 3. (Bounds of O(m,p) and ©(m,p)) We start with O(m,p). In the rest of the proof, we

omit mentioning the argument m of 1, (defined above (A.7)) and 74 unless necessary. It holds by



definition that for all 1 < k,l < ng,all 0 < m < JNd —1,and all 1 — ng < p < ng,
10(m, p)ia| < Knglnd@ A (g aalk = 1) = p|| " + [ng Aalk + 1) ypu*l)). (B.18)

Now we provide the bound of é(m, p). From the definition of ©;, we can write

8Qnd(ﬁ( )) ! 2)1'.

Oir = i 5H*(B ) "o

) - BE

We further notice 8§Z(B(n)) = [T fﬁ (8 log f()\;B(n), An)/aﬁ)T((? log f()\;B(n), An)/aﬁ)d)\. We set

47tn

the bijection 3, to be identity. Following the rule of matrix differentiation, and using the definition

of 2, we can further write
= (3™ S g2x (3 -
6 = 200, (02,4, A,) 2 (80025 (B ) 1T, + - 055 (B™) 1145 Oy — FL ), (B19)
j=0
Then the definition of © given by (A.29) indicates
6 = 2V, ((0™)2, 7™, 8,) 72 (8,055,(B™) 11T, + Za (B")ih12(2h, — DA)DG, ). (B.20)
7=0

This is the direct result of DY, = 0,,F%,0,, from Lemma Al of Da and Xiu (2021). Now we define

a function ©()\) as
O(\) = 2f(X; (6)%, 7™, An) 20 (X; ()24, A),

where W()\; 02,7, A,) = (af()\;02,7,An)/a(ag,7))832(6(71))_1(1,anﬂ). We note é” = 5i:j®(n£11)'
Now we further define for —r < A <,

ngm + ng| Al +1/2
ng+ 1

é(A;m)zé( ) and p@(m)h:;r/ O (\;m)eiM A,

Then we can write, in view of the definition of (:)(m,p), that for all 1 — ng < p < ng,

@(mp (4ng)~ Z @( 1_1/2) )e 1/2)p — Z pe (M) 2hs+p- (B.21)

i=1—nq h——oo

Here we use Theorem I1.8.1 of Zygmund (2002) and the fact that ﬁ ST exp (m—) = 0y for

i=1—ny

—fig < k < fig. Now we provide bounds on pg(m);,. We first consider the case n'/2.(") — oo and



define a (g, +2) X (gn + 2) matrix

(o2, fF( X 02,7, An), 7
d(z, o)

Here 7 := (y1,...,7.)7, (2,¢) and C(z, ¢) are both introduced in the proof of Lemma A5 of Da and
Xiu (2021). And it apparently holds that W(\; 02,7, A,) = C\I_,I(A;Uz,"yh’g. Hence, following the
same reasoning as in that proof and using the definition of ©(\;m), plus noting the relation that

(2 = 6;0) cosiX = sin ((gn + 1/2)N)/sin(A/2), we obtain that in restriction to €2, (introduced
before (B.2)) and for all 0 <m < J; — 1,

)C‘1<z,¢)( 505

Cyt(Nia?v) =

N K(m+1) K(m+1)J2/(n/?,)2
1 d
(nJa) ™'Y [pe(mn] < = — A i , (B.22)
h=0
and that in restriction to €2, and for all h and all fixed m,
(nda) "t pe(m)n| < K(h™2V 1). (B.23)

Here we also use the proof of Theorem I1.4.7 of Zygmund (2002) and exploit properties of ¢(™(gy,)
and v("(q,) provided by (B.3). For the case n'/2,(") < K in view of the proof of Lemma A6 of
Da and Xiu (2021), we obtain that (B.22) and (B.23) still hold. Combining (B.22) and (B.23) with

(B.21), we conclude that, again in restriction to €, and for all 0 < m < Jy — 1,

- nd ~ K(m+1 K(m + 1)J2/(nl/2,(n)2
i)™ 3 [Bm.p) < KL Kt U/ ) (8.24)
p=1-ngq4
and that in restriction to €2, for all 1 — iy < p < 7ig, and for all fixed m,
(nJa)~"|O(m,p)| < K(p~> A1). (B.25)

Step 4. (Bounds of ©;, A©; , and ﬁ@zk) Now we provide bounds on ©;;, A©; ;, and Agi,k-
We start by noting the expression of © has been given by (B.19). According to Lemma A2 of Da

and Xiu (2021), we can write the expression of Q1 as

-1
(Qnd )z’,k = Pli—k| — Pi+k — P2ng+2—i—k>

Both p and 2z} appearing below are functions of (02,7,,A,) and are introduced in the statement
of that lemma. Because the lemma has provided precise characterization of pp, prn — pp+1, and
2ph+1—Ph—Pht2, Plus the observation that i+k > |i—k| and 2ng+2—i—k > |i—k| for all 1 < i,k < ng,

tedious algebra leads to that uniformly over all sequences {(02,7,) € H%UQ’W)(qn) : n > 1} which



satisfy either AT_LlX?(G?L,’Yn,An) — 00 Or AEIXQ(U%’%"“ A,) < K, and for all 1 <1,k < ng,

Lot

X2 (i— k2N,
1 1

AR, (02,7, An)i ] S X 2(z0)H 4 AL 4(7 A 7)

A

A;l/ngl(l - (Z:)Zkz _ (z+)2nd+2—2k) +

n

[ (07 Vs A |

Xz (i —k)2A,
1 1
2 -2 < L2 i—k| 1/2 -1
AQ, (02,7 An)i 2l S AT 4 AL (Xn N TTRPED ).
2 —1 1/2. -3 i—k
|AQnd(Jna’Yna An)z,kz| S An/ Xn (Z'r—i_)| ‘ + W’

~ , 1 1
2 f2 < —1/2. =3/ +\|i—k| 1/2. -3
|AQnd(0n7 Tns An)z,l | ~ An Xn (zn) + An Xn (X% A (’L _ k)2An)

Here 2,5 := max{z},1/2} and x2 = x*(02, v, An). We additionally observe that we can write, for
all (02,) and m,
2Hm - F}n = (Qm(02, ’7) - U2AnHm)OmDm(7)_10m~ (B'26)

We also notice that F7, , has a very simple structure. Therefore, we can calculate that, in restriction
to Q, under either nt/2,(") 5 50 or nt/2, (™ < K, and for all 1 < i,k < ny,

n n

Ousl S () H (1 () = (e 4 e e o (Ba2Y)
T —— -
; 1 1

< AV 1 (ks 4 AL~ _
A0k < nAYZ(z) +nAY2y - <(|¢—k|—q)++1 |Z,_k|+2), (B.28)
~ ) 1 1

< 2+ (li-kl-0)+ 2 _
A0 S A=) N ((|i_k|_q)++1 |Z._k|+2). (B.29)

Here z;} and x,, are evaluated at ((¢(™)2,~( A,) and we clearly have x,, ~ t(" +n=1/2. We also
use the properties of 9= (B(n))_1 indicated by the proof of Lemmas A5 and A6 of Da and Xiu (2021).
Step 5. (Bound of R41(j)) According to (B.13), we can write

1 Ja 1 Ji—1 7y N Ja
E HQMZRM(J')‘ < - E|lo;,O(m.p) Y Rin(j m,p>‘
j=1 m=0 p=1—rq j=1
Ji—1 72 /(n1/2,(n))2 Ja
1 Ji/(n"%
< KJg ) (m+ 1)( — A d/(23m)) supE Lo, Y Re(j,m,p)|. (B.30)
m=0 j=1

Here the range of p over which the supremum in the last line is taken is clear from the context
and is omitted, and the second inequality uses the bound on (:)(m, p) provided by (B.24). Now we
bound sup,, , E Zji 1 Ri1 (4, m,p)‘. Guided by the relation (B.14), we aim to prove that for all



s €{2,3,4,5,6,7},

Ja
Loy > Ros(J: m,p)D = o(n 2 (ga+ 1) 407 VM), (B.31)

sup (2_m/2 J4E
j=1

m7p

where the supremum is taken over 0 < m < jd —land 1 —n4 <p < ngyg. We start with ﬁbg(j, m,p).
We have that (B.31) holds for s = 2 because

Mg Nd

SUPE|Rb2(J,m p)I < Kn?sup» > |O(m, p)ri| < Kn*nglogn.
T k=11=1

The first inequality comes from bounds on u} and E|t(j)r — t(j)x—1| as direct results of Assumption
Al. The second inequality comes from the bound on O (m, p)k, provided by (B.18). Now we consider

Ru3(j,m, p). In view of its definition, we write

ng ng ng ng
sup E[Ry3(j, m, p)[* < K supn” YN TED DD Om, p)raOm, pr y AT X P () AR X P ()
J k=1k'=1 'I1=10U=1
2
< Kn~ ndsupE[(ZO m, Pk AT X P (j )) ] < Kn"3ngng. (B.32)
7,k

We omit the range of j, which is 1 < j < Jy. Using Assumption Al, the first inequality comes from
Hoélder’s inequality, the second inequality from Cauchy-Schwarz, and the last inequality from (B.18)
and Burkholder-Davis-Gundy inequality. On the other hand, we have the well-known result (see
Section 2.1.5 of Jacod and Protter (2011)) that under Assumption Al and for two finite stopping
times S < S’ and some p > 0, and for a process A which is one of y, o, &, €71 and 7,

E(_sw (I4, — Al Fs) < E(S - §)0/| 7). (B.33)
S§<s<S!

Applying (B.33) for the process u to the equation

"d i)k nd _
(Rb?)(ja m p)‘ft(j ) =2 ZE(/t( ) (/.Lg — ,ut(])o)ds Z O(m,p>k7ZA?XB(j)|ft(])O>,
k=1 J)k-1 k=l
we obtain,
sup [E(Roa(j, m, p)|Figyo)| = o(n =0y /?). (B.34)
j

Using (B.34) and (B.32) and applying Cauchy-Schwarz inequality, we obtain

sup IE(Ry3 (5, m, p)Ryz (5, m, p))| = o(n >ngng). (B.35)
i<g’

10



Combination of (B.32) and (B.35) immediately proves (B.31) for s = 3, given the definition of n,.
Next, we study Rps(j, m,p) and Rps(j, m,p). We notice that for s € {4,5}, |E(Reps(5) ks Ros (5 )rr)| <
K§; 16k n~2. Therefore we are able to write for s € {4,5},

Ng MNgq

. _ 2 _ _
E|Res (5, m, p)Ras (5, map)’ < Kn? Z Z |O(m, p)k.xO(m, p)11|6; 5101, < Kn~>n3.
k=1 1—1

Here the last step comes from the bound on 5(m, P)k, provided by (B.18). Combined with Cauchy-
Schwarz inequality, this result immediately leads to that (B.31) holds for s € {4,5}. We move to
R (j, m, p). We have

o Y 2t
swpBRialiomp) = 5| S (3 Otm.piRis(il L ot
J J t(J)i-1

=1 k=1
-1 2
< Kn'ngsup sup E[<ZO(m,p)k,leg(j)k> }
J 1<I<ng k=1
1/2
< Kn 2y sup sup ]E[ sup |(o0s — Ut(j)0)4 + (& — §t(j)0)4|
1<j<Jg 1<k<ngq () k—1<5<t(5)x
< KnY?ngn . (B.36)

Here we follow the same reasoning of (B.32) and the last step utilizes (B.33) for the processes o
and ¢~ We hence obtain sup; E(Rys(j, m, p)?) = o(n~2ng). Combined with the observation that
E(ﬁbﬁ(j, m, p)Ras(J’, m,p)) = 0 for j # j', we obtain, using Cauchy-Schwartz inequality, that (B.31)
holds for s = 6. A symmetric argument applied to Ry7(j, m,p) proves (B.31) holds for s = 7 and
we have hence proved (B.31) for s € {2,3,4,5,6,7}. At this stage, combining (B.30), (B.14), and
(B.31), plus using (B.2), we are able to claim that (B.12) holds for s = 1.

Step 6. (Bound of R42(7)) Our target is to show that for s € {1,2,3,4}

> Resld) = 0p(n™2(gn + 1)V + 072, (B.37)

In view of (A.30) and (A.7) and following the same reasoning of (B.30), plus using (B.2), we conclude
that (B.37) holds for s € {1,2,3} as long as we can show that for s € {1,2,3},

Ja
sup E[27"2 75 /(') 1y Y " Res (4, m,p>] = o(n" 2 (gn + )2 +n A2 (B.38)

We denote by o(x; : i < j) the o-field generated by the sequence of all x; with i < j and write
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Foo=Fou @ Vjso0(Xi 1@ < j). According to Assumption 3, we can write

L(n)2 T ) .
BAUDAUGIE) = 55 [T 000 — e

x(n()we T = n()w_1e F DN,

Using the fact that K1 < g(\;#(™) < K uniformly over )\ as required by Assumption 4, we obtain
for all {z},2,, all 1 <j < Jy, and all i > 2,

Nng nNg nq
DD EARUGDARU G Foo)upzr < K(™)? Y n(i)iar — ki)
k=1k'—1 =0
Ng N4g
< K(@™)? sup n(j szk ng — )xk/ (B.39)
1<i<ng v
ng ng " ng nd
SN EARUGALUG+ D) Pz < K523 S a2, - FL oy (B.40)
k=1k'=1 k=1k/=1

Here we set 29 = x,,41 = 0 by convention. For (B.40) we additionally use the observation that
na| |* g(/\;é?(”))e“”dAd/\} < i72 and Assumption Al. The definition of U(j); provided by (B.15)
and the definition of AU ©(4) indicate that a completely symmetric argument would yield

ng ng Ng N4
3OS EARUGH)ALTG) Fo)arar < K@) sup 977 Y ax (2L, — Fl )aw (B.41)
k=1k=1 1<l<nq k=1k=1

ng nNng . Ng Ng

DY EARUCHARUC ()| Foo)upmr < DS w2, —FL o, (BA2)

k=1k'=1 k=1k'=1

In view of the definitions of Rs(j, m,p) with s € {1,2, 3}, plus using (A.7) and DY, = 0,,F%,0,,, the
combination of (B.39), (B.41), and (B.42) directly leads to that for all 1 < j < Jg, all1 <m < Jy—1
and all 1 — ng < p < ng,

= . 2| 7 ()2 N 1 S Wi \?
E(R01(]7m?p) |f00) S K(l’ ) (2]171(1 _Dnd)ﬁd-i-l,ﬁd-‘rl(Z(Ond)ﬁd-‘rl,i/A /J/SdS) 3

=1 i=1 t(4)i—1

- . ng ng B 9
E(Rea(j,m,p)?|Foc) < K(M)? sup T Y 2y =Dy Vg1 ( Z(Ond)ﬁd—i-l,iA?XB(j)) :
SkRSNng =1 =1
- . ng ng B 9
E(ch(j, map)nyOO) S K(L(n))z 2(2]1%1 - D}Ld)ﬁd-i-l,ﬁd-H(Z(Ond)ﬁd-‘rl,i(A?XB(j) - A?XC(]))> .
=1 =1

Here for the first and last lines we additionally use the boundedness of ns. Further utilizing that
(2L, — DL Vayrimgrt < K22™J72, we obtain that for all 1 < j < n'/% all 1 <m < Jg—1 and all
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1—ng <p<ng,

E(Re1(j,m,p)?) < K(™)22,22™ T 2ngn~2, E(Rea(j, m,p)?) < K1) 22T 20! sup ()3,
SkRSng

E(Res(j,m,p)?) < K(uM)?na2*"J;% sup E((AFXP(j) — ATXC())?).
1<i<ng

In addition, using (B.40) instead of (B.39), we can prove sup;,, ‘E(ﬁcl(j,m,p)ﬁd(j + i,m,p))‘ <
K i_Q(L("))Qﬁd22ij2ndn_2 for ¢ > 2. Applying Cauchy-Schwarz inequality immediately proves
(B.38) for s = 1. On the other hand, we observe that E(Rs(j, m,p)Res(j’', m,p)|Feo) = 0 for j # j
and s € {2, 3} because of the definition of e¢(j)m. Since (B.33) indicates E| sup; <<, 7(j)z| = o(1)
and sup;<;<,, E((APXB(j) — APXY(4))?) = o(n™!), we obtain (B.38) for s € {2,3}. We have
proved (B.37) for s € {1,2,3}. Now we consider R.4(j). Firstly one can verify using Assumption 4
that

10|y < Ki™2. (B.43)

1/2

Using this result, we can write E(\U (7)k] ‘.7-" ) < K™ < S |9 ml ) < 1M (k+41)~2, where
the first inequality comes from the definition of U(j)) provided by (B.15), that nc(j)? is bounded
because of Assumption A1, and Cauchy-Schwarz. Therefore, using Holder’s inequality and the fact

that A?XB(7)0y, is Foo-measurable, plus (B.2), we can prove (B.37) for s = 4 as long as we show
that for all 1 < k < ny,

Ja mng
1 SB/.
1<S]Ll<p E]lg/ E E E’AnXB( )A@ k]lQ/ ’ —|—E|AnXB< )@i,ndﬂ%‘ —|—E’A?XB(‘])®Z71]1Q%|)
Shd j=11i=1

= o(n"2(gn + 1)2(M) 1 4 VA 12y,

This is indeed true since we have

sup supZE<|A”XB )‘(|A9i,k|+‘@z‘,nd\+’9i,1\)]19;1)
1<ks<ng § o

1/2
< K sup SHPZH 1/2< (|A9i,kﬂQ’n‘2+‘ez}nde;LP"‘|®i,1]lQ’n‘2)) < KT 7127
1<k<ng j ‘=

The second inequality comes from (B.28) and (B.27). Having proved (B.37) for all s € {1,2,3,4},
using the relation (B.16) we immediately obtain that (B.12) holds for s = 2.
Step 7. (Bound of R,3(j) and conclusion) We start with proving that, for s € {1,2,...,5},

*ans ) = op(n 2 (g + DY) 4 0T H) (B.44)
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We define Rei ()i = S0 o, 000z — 517 Rea(i)in = Sink o 07908 ec (i iec (i) —

[=—0 [=—00

iy and obtain that for s € {1,2} and all 1 < j < Jy,

INKNT NE!
E(Res()ikRes(7)ir | Foo) = Cuma(e) Y 661,057,007,
l=—c0
On the other hand, we can write
ing
(n) (n) n K
Z 10; 2105 21| < K|6" )||(\z‘—z"|—1) < e (B.45)
l=—o0

The first inequality comes from Cauchy-Schwarz and the bound on ||#™|| required by Assumption

4. The second inequality comes from (B.43). This immediately leads to that, for s € {1,2},

Sl;p ‘E(R s( )l kRes( ) i/ k”]: )|

< (}jww Z\ijwﬁ%) (EZW ¢%|2)wlkwo
l=—o00 l=—00 l=—o00 l=—o00
K K
. B.4

(i 7P+ Dk~ FE+ 1) " (i BE+ (7~ FET 1) (40

A symmetric argument leads to that, for [ > 2 and s € {1, 2},
~ K K
ERes'iRes. li”foo < A . . B.47

From the definition of R41(j) and Ra2(j), we have that for s € {1,2},

Ng Ng Ng N4

Sl;pE(Rds(j)2‘ﬁoo) < KSHPZZZ Z |A@z kHA@’k’HE( es( )1 kRes( ) ’,k‘”foo”

i=1 k=1¢=1k'=1
< Kngn?A%(™ 4 AV og(AZY2,M) 4 g). (B.48)

The first inequality uses that 7s is bounded from Assumption Al. The second inequality uses the
bound on E(Res(j)ikRes(J)ir k| Foo) for s € {1,2} provided by (B.46) and the bound on lﬁ@zkl
provided by (B.29). Following the same reasoning and using (B.47) instead of (B.46), we obtain for
s € {1,2} and for [ > 2 and all j,

sup [B(Ras (1) Ras 5 + D) Foo)]

Ndg Ndg Nd Ng

< KZZZZ|A@H€||A®’1€’HSHPE( es( )szes(]"Fl)/k/’f )|

i=1 k=14¢=1k"=1
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Ng Ng Ng N4

Kn2A2 ZZZZ 4n < Kn2A? (B.49)

1/2 172
(1 ‘*’A/ i=1 k=14=1k'=1 +A/)

Combining (B.48) and (B.49) and applying Cauchy-Schwarz, plus using (B.2), we prove (B.44) for
s € {1,2}. Now we move to Rg3(j). We define Re3(j)ix = Z”\k melt1 95”%9,&@m5(j)15(j)m, and
obtain that for all 1 < j < Jg,

INENY NE (%) a) ENE ( ) - K
n n n n < .
> o 30 0] < e

m:l+1
(B.50)

IE(Rez(5)inRes(F)ir | Foo)

The last inequality comes from (B.45). The definition of R43(j) then leads to

sgpwndg(j)?yfoo) < K sup (n(j) —ne(h))?

0<I<ng

ng—lng—1ng—1ng—1

x> DTSN Ael|Aey, vl sup [E(Rea():aRea (). | Foo)

i=1 k=1 i'=1 k'=1
< Kn’AL )+ AR THALYA 4 go)ng sup (n() —no(4))?. (B.51)
0<i<ng

The second inequality uses (B.50) and (B.29). Because we have E(Rg3(j)Ra3(j’)) = 0 for j # j', we
immediately conclude, using (B.51) and Cauchy-Schwarz inequality, applying (B.33) to the process 7,
plus (B.2), that (B.44) holds for s = 3. We consider Rg,(j) for s € {4,5} now. We define Res(j)ixr =
Zlf—oo Zm I+1 ez(n)lel(fn)m (])l€(])m, R€5 (])Z,k = Z?:—oo Zm +1 ez(n)lel(ﬁn)m C(j)lec(j)m’ and calcu-
late that for s € {4,5}

|E(Res(j)i,kRes(j)i’,k"j}oo)| =

(n) K
l:zooei ’mzm ALl ‘ (2 + D)) + ) (|k — K2+ 1)’
(B.52)
The last inequality comes from (B.43) and Cauchy-Schwarz inequality. Following the same reasoning,
we have for all [ > 2 and all 1 < j < Jg,

, . = K . , ~
[E(Rea(7)igReald + D Foo)l < 77 and - E(Res(7)ikRes(J + i [ Foo) = 0. (B.53)
d

In view of (B.52) and the bound on |A©; | provided by (B.29), the definitions of Rg4(j) and Rgs(j)
then lead to that for s € {4,5}

Ng Ng MNd Nd

PE(Ra(1)\Foe) < KD S 1ROl 1A00 ko0 [E(Res 1)k Res () 11 o)

J i=1 k=1i'=1k'=1
< Kn?A2(™ 4 AV A2 4 g, (B.54)
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Using (B.53) instead of (B.52), we obtain for s € {4,5} and [ > 2 that

sup [E(Ras () Ras (7 + 1) Foo)| < Kn® A7 (" + A}~ (B.55)
i

Using (B.54) and (B.55) and applying Cauchy-Schwarz inequality, plus using (B.2), we obtain (B.44)
for s € {4,5}. Following the same reasoning, and using (B.27) and (B.28) instead of (B.29), we have
s€{6,7,...,11},

Ja
1
= Ras(j) = op(n 2 (gn + D2 + 07 VAM)2), (B.56)
n =
Given (B.44) and (B.56), the equation (B.17) immediately leads to that (B.12) holds for s = 3. Since
we show (B.12) for s € {1,2} in Steps 5 and 6, plus the decomposition (B.11), the lemma is proved. I

Lemma B3. Suppose Assumptions 1 - 4 hold and q, is deterministic. Then it holds that
Ez(qn)—U(n) (%)2 = ﬁTED,n(ﬁ(n))—i—op (n_1/4(b("))1/2+ann_1/2+\/Zj\nn_lﬂ) for all a,, — oo, (B.57)

if either of the two conditions holds, with a, = n'/6 A (n'/3 (.M v n=1/2)4/9)).

~

(i) We have n'/2.(") — 00, Ry, (qn, b) = op(1), R (gn,b) = op(1), and gra; ' — 0.
(ii) We have nV/2™ < K, Ry (qn, s) = op(1), R™ (qn, s) = op(1), and an 'V (gnoyt) — 0.

Proof. Step 1. (Technical preparation) Throughout the proof we omit the dependence of 8™ on
gn. We impose the restriction that df(\; 8, A,)/08 does not depend on 3. We start by introducing
(gn + 2) X (gn + 2) matrices 0Z,,(8y, B, k) with k € {1,2} and S, € 115 (¢,), defined by that for
0<14,j<gqn+1,

, 1 /0log Qn(Bn) dlog (B,
05 (B )iy = %tr< Ogaﬁi(ﬁ ) ogaﬂj(ﬁ ))7 (B.58)
dlog Q,(8r) 0log Q. (51, _ S
0= (B B2y = qoen( TP TR (0, 5,) 1 0, (81) 7). (B59)

We further denote 9Z,,(5y; 7) == 0=, (Bn, Bn; 7). In addition, since generally B(n) is an oo-dimensional
vector, we use 8En(5(n), qn;j) and O=% (B(n), qn), respectively, to denote the (g, +2) X (g, +2) matrices
with entries defined by (B.58) and (B.59), and with entries defined by (A.1). On the other hand,
we let {3, € IIh(gn) : n > 1} be a sequence of (g, + 2)-dimensional random vectors which satisfies
the equation =,,(8,,) = 04, +2, and the condition that sup, |f(\; By, An) f(; B(n), Ap)~ =1 =op(1)
holds if either n/2,(™ — oo or n'/2,(") < K. In view of the definition of 0=, (Bn, Bl,; 7) introduced in
(B.58) and (B.59), plus applying rules of matrix differentiation, in particular that ,(5) and ,(5’)

commute for all (3, ), we observe

B, — B™ = (202,(B,, B™;2) — 0Z,(B,, 85 1)) " (Ean(Bn) — Ean(B™)). (B.60)
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On the other hand, using ]D)gn = OmIanOm and the connection between matrix V,,, and spectral
density f(\; 8, A,) and the positivity of both following the reasoning of step 1 of the proof of Lemma
A2 of Da and Xiu (2021), plus the imposed restriction that df(X; 5, A, )/05 does not depend on 3, we
have, for all ¢, < Kn'/?, a,, — 0, and j € {1,2}, and under that sup, | f(X; b, An)f(/\;B(n), Ap)~t—
1| — 0 for b, € {B,, 3™},

{ (1~ an)0Z0(B"™  4n; §) < 0Zn(B,y, B¢ (1 + 0n)0Zn(B™, qu: ) (B.61)

)j) <
(1 — an)Z5(B™, gn) < aunw("),qn, 1) < (14 an)dZ5(8™, ¢n)

Furthermore, using Lemma A2 of Da and Xiu (2021), we can derive IE!]lQ% (tr(Qn(B(n))_lYnYnT -
]In))z‘ < Kn (€, is introduced above (B.2)), which, combined with (B.3) and (B.2), leads to that
for all ¢, < Kn'/3 and some a,, — 0,

lim P((1 — an)0Z (8™, s 1) < 0% (B™, s 2) < (1 + 00) 020 (B™, gn; 1)) = 1. (B.62)

n—oo

Step 2. (Main proof) Now we prove that (B.57) holds if we have either of conditions (i) and (ii).
We introduce some more notation. We define n("%) = —(202,(3,,, 8;2)—0=,,(8,,, 3M™;1))! (%)T,
(72i) _ Oy (B 75

define ©) as the ng x ng matrix with entries @j b= T777(%1‘)’ and introduce
Q1) 1 ") (74%) 7 =1/2)p (i—=1/2)p
' ! ng(m i ng(m
(SN (m,P) = m Z (Ond@ s O )nd( Vi g (m)+i (e Tag(m) + e 2(m) ) 7
i=1

Ja—1  na(m)

ﬁgy’i) = Z Z 0 (m,p ZR (j,m,p).

m=0 p=1—ng(m)

Here we define ﬁgy)(j, m,p) as Y i<k i<, 5(m,p)k,l(Y( NVeYn () — QY ()k,), with O(m,p) intro-
duced in (A.7). The notation ng(m), nqg(m), J4, and J4 below is introduced above (A.7). Following
the same reasoning of step 3 of the proof of Lemma B2 and in view of (B.61), (B.62), and the definition
of /3,,, we obtain that in restriction to w € €, for which sup, |f()\; B A f(A B(n), At =1]—=0
holds, under nt/2,(n) < K, and uniformly over 1 < m < jd —1,

nd
sup > 1600 (m,p)| < (K(m+1)27™J3) A (K (m+1)27°™J§ ) (n/2. M) (B.63)
13qn p=1—ng

—3/2

On the other hand, using [(On, ), (m)+ik+1 = (Ong)igm)+ikl < Kng” “ng(m) and following the

analysis of step 2 of the proof of Lemma A1, we obtain that for all 1 < m,m’' < jd -1,

swE[Ly, > RYGm )R (Gl p)| < K20 2 (2 g g2 JA ) ),
pr' 1< j'<Jg+1
(B.64)
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The range of (p,p’) over which the supremum is taken is 1 — ig(m) < p,p’ < ng(m). From the
definitions we have —(2n)*1ﬁ§%i) is the same as (n("))T=p ,,(8(™) except that it does not include
the last block Q"& of the matrix Qp ,, accommodating which is only a matter of notation. Therefore,
in view of the proofs of Lemmas A7 and A8 of Da and Xiu (2021), the equation (B.60), and the
definition of Bn, plus using the convergence in probability of R(™) under respective drifting sequences

of n*/2,(") | we obtain that, for all € > 0, there exists a M* that for all M > M*,

2

lim supIP’(Z ‘6% Bp— B = M(gn +1)"n" + M(gn + 1)n1(L(”))4> <e, (B.65)
n—oo

which comes from (B.63) and (B.64) and Hélder’s inequality for the case n'/2.(" < K and addition-

ally using the properties of of dil characterized above (B.26) for the case n'/2, M 5 co. We can

then obtain that, under either condition (i) or condition (ii) and for all fixed M > 0,

qn
limsupIP)<z(i +1)2 i (3, — 5<”>)’ > M) =0. (B.66)

N o5

In view of the proofs of Lemmas A2 and B2, we obtain that (B.61) and (B.62) jointly indicate that,

under either of conditions (i) and (ii),
(0072 (B, = 8) = 172D n(B) t-0p (0= (02 ™2 4 /Gun™1/2) for all an — co. (B.67)

Here we also use Lemmas A7 and A8 of Da and Xiu (2021) and the relation (B.60). At this stage,
in view of the fact that by definition (62(gy),7,(¢n)) maximizes L, (c2,7) over H%U’WQ)(qn) and the
definition of 3, plus conditions (i) and (ii), we conclude that 2 (g,) satisfies (B.57) and finish the
proof. 1

Lemma B4. Suppose Assumptions 1 - 5 hold. Then, if either n*/2.(™ — oo or n¥/2,(™ < K, it
holds that

o "(Gn)* = Cr 4 op (N2 4 ayn ™2 + \/Gun™?) for all ay, — oo,
that G a1c = op(n'/%), and that there exists some 0 < k < K such that |Gna1c — ¢ (k)| = op (¢’ (k) +
n'/2 +a,) for all a, — co.

Proof. With mean value theorem and for any sequence g,, we write that

N

5 (Bu=B")T0E A n(B,) (B, —B™). (B.68)

—n " Lan(Ba)+n T Lan(B™) = (B,—BM)TEan(B™)+

where En = Aan + (1 = \,)B™ for some A, € (0,1) and we omit the argument g, of (En, ﬁ(”),ﬁn).
With notation introduced in and after (B.58) and (B.59), we observe 35A,n(5n) = 202,(5,;2) —
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9Z,,(B,;1). On the other hand, in view of (B.61), (B.62) and Lemma B1, the definitions of qn,a1C and
¢x (k) and (B.2), we conclude that, with either /2" 5 50 or nt/2,(M < K for ¢, € {Gn,a10, 05 (k) }
with any fixed 0 < k < K and for some a,, — 0,

Tim P((1 = an)0Z5 (8", g0) < 0Za0(Balgn)) < (1+an)0Z5 (8", 0a)) = 1.

Here the notation 0= (3 (n), gn) is also introduced after (B.59) and we need the condition R (gn, j) =
op(1) and R™(gn,5) = op(1) for j € {b,s} and ¢, € {Gnaic,q(k)}. Close scrutiny of (B.1)
reveals that the result of Lemma Bl for g, also holds for ¢, aic and leads to the convergence of
R, and R(™, and we can easily verify this for ¢} (k) as well. On the other hand, we note that the
randomness of g, arc does not affect (B.61) and (B.62) by observing that 8En(3(n), qn;J) is the top-
left submatrix of 8En(,5’(n), q),;7) for all ¢, < ¢,. Hence, in view of (B.68) and with the shorthand
notation A(g,) = %nEA,n(B(”)(qn))T(?E:L(B(n),qn)*lEA,n(B(”)(qn)), we can write that, with either
nt/2,(") - 50 or n1/2,(™ < K, and for all fixed 0 < k < K and some a,, — 0,

(B.69)

{ liny o0 P(L a0 (B (@n,A10)) = Lan (87 @n,a10)) < (14 an) A(Gn,a10)) =
lim o0 P((1 = an) A(47) < Lan(B(a7)) = Lan(8(7)) < (1+ an)Alg >)

Here for the second line we omit the argument k of ¢;. We additionally use Assumptions 4 and 5
(B.66), (B.67), and that Bn(qn) maximizes the quasi-log likelihood L, () over Hﬁ(qn), and the proof
of Lemma A7 of Da and Xiu (2021). Now we define A(gn,) = (0nYnYa On)ii — V(87 (gn)):; and

L Af (A B™ (gn) An) "

) 10PN B (gn), An) T
A n / = ( ) n 1 ? njs n
(V) = - ok (3", )™ ( 5 )
with C(8, gn) = 5 7, (L5580 )TONBIE080) 4); we then obtain
Algn) = Y AMgn,i(nr +1) 7', (e + 1) 1) Algn, ))Algn, 5), (B.70)
1<ij<nr

where we use D%, = O,,F%,0,, and the connection between matrix V,, and spectral density f(X; 8, Ay).
We note that the right-hand side of (B.70) is invariant over choices of bijection 3, (c%,7). Then fol-
lowing the proof of Lemma A1 we derive that, with either n%/2.(") — oo or n'/2,(" < K for all fixed
0 < k < K and some a,, — 0,

1

{ hmn—>oo P(an<//B\n(Z]\n,AIC)) - 2Ln(ﬁ(n) (Z]\n,AIC)) - /q\n,AIC < an(Ra( ) + Qn AIC)) (B71)

litn, o0 P(12Ln (B,, (65 (K))) = 2L (B (g5, (k) — a5 ()| < an(Ro(n, k) + g5 (k))) =

where we utilize (B.69), (B.70), and the shorthand notation R4(n) = (B ) L5 (B™ (Gn,a10))
and Ro(n, k) = L4(3") = Li(80) (g3 (k). Now we define Reln,q) = Lu(Ba(a) — La(8")(q))
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and Ry(n,q) = Ln(B™(q)) — L (8" (g)). From the definition of AIC that G, arc = argming{q —
L (B,(q))}, we can write

Ra(n) — Ry(n, k) < (g5 (k) — Gn,a1c) — Re(n, g, (K)) + Re(n, Gnoatc) — Ra(n, g, (k) + Ra(n, Gu,a1c)-

On the other hand, we have that for some a,, — 0 and all a}, — oo and fixed 0 < k < K,
Jim P(|Ra(n, gn,a1c) = Ra(n, ¢, (k)] < an(|Ra(n) = Rp(n, k)| + [Gn.arc = (k)| + g5 (k) + ar,) =1,

which can be shown by the same reasoning for (B.71). Therefore, using the properties of R.(n, g (k))
and R¢(n, gn.a1c) characterized by (B.71), we have that under either nt/2,(") 5 50 or nt/2,(™ < K
and for all a,, — oo and all fixed 0 < k < K,

Ra(n) — Rp(n, k) < % (g5 (k) = Gn.a1c) + 0p (|Gn,a1c — ¢ (B)| + 4 (k) + an). (B.72)
Using the bound on 2 > g (k)41 [£7 | from Assumption 5, we obtain the bound on [g,a1c — g5, (k)|
stated in the lemma. Now we prove the bounds on ¢(™(g,)? — Cr. The definition of ¢ (k), combined
with (B.5) and (B.72), indicates that there exists a fixed k such that ¢5(k) — gnaic < a, + 1
for all a,, — oo with probability approaching one. Combining this inequality with (B.72) again
immediately leads to Rq(n) — Ry(n, k) < op(gp(k) + ap) for a fixed k and all a;, — oo. Therefore,
applying (B.5) and Cauchy-Schwarz, plus using the bound on 2 Z;’i (k)41 |7 |, we prove the bound
on 0(”)(@1)2 — Cr and on @, in view of the definition of ¢, and Lemmas A5 and A6 of Da and Xiu

(2021). Following the same reasoning, g, arc = op(n'/%) comes from Assumption 4. i

Appendix C Proofs of Corollary 1 and Proposition 1

Proof of Corollary 1. Given Theorem 1 and Lemma B1, we only need show that under either g, — oo

1/2

or nt/2,(") — oo,

4G En(D) 7 + An 2 (5B, (4)762(G0) Y2 + 62(G0)* 2B (G0) 1) LA (C.73)
4G, E(4, &)1 + Ay P (5E(4, €)rCr ' + C2 B(6)r) n

In view of the subsequence argument, as in the proof of Theorem 1, we only need focus on all the
DGP sequences that satisfy either n'/2,(") — oo or n'/2,(" < K. Under n'/2,(") — oo, (C.73)

follows from

En(#)r = B &r+0p(1), 3(@) = Cr+op(1), and Bu(@)r = - B(§)r +op(1).
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Under n'/2,(") < K, because of the requirement that g, — oo, (C.73) is a direct result of
~ nr
En(4)T - ;E(47 §)T + OP(l)'

The convergence of E’n(4)T under either n/2,(" — oo or n'/2,(™ < K holds by extending Theorem
16.4.2 and Theorem 16.5.4 in Jacod and Protter (2011) to the case of serially correlated noise and
random sampling interval, which can be shown by repeating arguments of Theorem 3.1 of Jacod,
Li, and Zheng (2019). Note that Jacod and Protter (2011) allow for arbitrary noise magnitude, and
Jacod, Li, and Zheng (2019) consider general noise dependence structure. Given that our focus is not
on the pre-averaging estimation, we omit the details of this proof, which is available upon request.
The consistency of 52 (g,) comes from Theorem 1. We hence only need By (G, )1 = ZLB(&)r +op(1)

under n'/2,(") — 5o, This comes from

T
() 2B 0) = 200 [ apatdsop(), () PBL2) = T Y08+ 22 (AKX +op(1),
0 s<T
2 T T
(n)\—4 D :”An/ 4p0-1 (MN\=2 (2 (2. =~ (= :”An/ 20—1
(L ) Bn(?’) nrT 0 77355 d8+OP(1)7 (L ) (Vn(Q)O ’Yn(Q)l) nrT 0 77353 dS+OP(1)’

where 4, = Y2 (00)2 - 2% 0o,

and extensions of Theorem 16.5.1 and Theorem 16.5.4 in Jacod and Protter (2011). 1

These four results follow from Lemma B1, Assumption 4,

Proof of Proposition 1. Step 1. (Limit of G,,(z)) We can always find a probability measure P which
satisfies Assumptions 1 - 3 with ¢; — t,_1 = T'/n for all i, n, = 1, and the distribution of ¢ being
Gaussian; and parameter sequence ((L(”))2, 9(”)) = (bCTAnnfl/ 2, %) clearly satisfies Assumpgions 4
and 5 for each fixed b > 0. We denote such DGP sequence by {Pgn)}nzl. For (02,7) € i ’7)(q),
we choose 3,(02,7) as Bn(0%,7); = ﬁffﬂ fXo2,9, An)etU=DAN with 1 < j < g+ 2. Then

following the standard asymptotic analysis of MLE for classic time series, we obtain

~ 11 1
/2 ( ?ng’iiﬁin;g ) £y 0 | 0,202 ( 11 ) N ( ) S (e

1
2
B 1
2
On the other hand, it holds by definition that
18T (0) — (1 + 5bn =2 /4, —bn =2 /4)|| = Op(n), (C.75)
18)(1) — Cp(1 + 3bn~Y2/2, —bn= Y2 /4, —bn =12 /2)| = Op(n™). (C.76)
Because we have 52(q) = > (2 - 53‘,1)371((1), it follows from (C.75) and (C.76) that
R ~ ~ 3b _ _
0(0) = Cr = B,(0)1 = B () +2(B,(0)2 = 8™ (0)2) + 7 Orn ™2 + Op(n7Y), (C.77)
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~

52(1) = Cr = Bp(1)1 = B™ (1)1 +2(8,(1)2 — 28 (1)2) + 2(3,(1)3 — 8(1)3) + Op(n~1).(C.78)

On the other hand, in view of the definition of AIC,,(q), we use the mean value theorem to conclude
that

~

2 3 ~ ~ ~ ~ -~
A0, (1)~ 416,(0) = 245" P2 D) 3 0), 3 (1))B,.0)5- B, (1)) +op (1B, 0) B (DP)

Using Bn(l)j = Crd;1 +op(1) from (C.76) and (C.74), we deduce

20°L,(B,(1) 1

—Fa2a7 = 29205 1). .
n  0B3;0B; 0%5’3( 9j1) +op(1) (C.79)

Further, combination of (C.74), (C.75), and (C.76) lead to (B, (1)1 — 5, (0)1)% = 15 C2b*n~ ' +op(n~1)

and (8,,(1)2 — Bn(0)2)2 = op(n~1). Using the last row of (C.74), plus the definition of g, a1c, we
readily obtain that g, a1c A 1 =0 if and only if

2—b7/32 — (=b/2+n"*C (B, (1)s — B (1)3))* + op(1) > 0. (C.80)

In other words, (C.80) indicates that asymptotically the selected order is determined by the realiza-
tion of n'/2(3, (1)s — 8™ (1)3). Meanwhile, from (C.74) we observe that n'/2(3,(1)s — B (1)3) is
asymptotically independent of n1/2(3n(q)j — 8™ (q);) for every (q,7) € {0,1} x {1,2}. Moreover,
(C.74) implies that nl/z(ﬁn(())j — B™(0);) and nl/Q(Bn(l)j — BM(1);) are asymptotically perfectly
correlated for both j € {1,2}. This implication, plus (C.77) and (C.78), means that the first two
terms in 2(0) — Cr and 62 (1) — Cr are asymptotically the same. We therefore conclude that for
all e > 0,

lim P (|G (2) — Goo(,b)] > €) =0, (C.81)

n—o0

where Goo(z,b) is defined by

Gool(a,b) = P (\/éu £ 3b/4 < :cc;l) i (|z] —b/2| < /2 b2/32)
+P (\/éu YU < xC;l) P (\u b2 > /2 b2/32) :

with ¢ and U being two mutually independent standard Gaussian random variables.

Step 2. (Contiguity) In this step we prove that the sequence Pén) is contiguous with respect to the

sequence IP(()n) for every b > 0. In view of Le Cam’s first lemma (see, e.g., Lemma 6.4 in van der Vaart
(2000)), and using log(dP\" /dP\"™) = L,(Cr,0,1/2) — Ln(Cp, bCrAun~"2,1/2) = U,, it suffices

to show that exp(Uy,) converges in distribution under IP’Z(:L) to a random variable that is almost surely
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positive. We introduce shorthand notation Y = Cp (1 + %, - —L>. It follows that

a/n’ " 2yn
o~ o~ 2 2 o~
Ly (Cr, b0 AynY2,1/2) = L, (8,(1)) + %(Wﬁb) - 571(1))““5;%%(1))(5(“&) — B,,(1)) + op(1),

which holds by L, (Cr,bCrA,n"Y2,1/2) = L,(8"™Y) 4 op(1) from the construction of L,(3) and
(C.76), the mean value theorem, and (C.74). Making use of (C.79) and (C.74), it follows that under
IP’I()n), U, LN (—23b/32,23b%/16), which proves the contiguity.

Step 3. (Conclusion) Now we have proved two facts. First, for each z € R and under P,()n),

Gr(x) converges to Goo(x,b) as n — oo as in (C.81). Second, the sequence IP’Z()n) is contigu-

ous with respect to the sequence IP)(()n) for every b > 0. Because Goo(z,b) as a function of b is
nonconstant for all x € R, according to Lemma 3.1 in Leeb and Pdétscher (2006), we have that

liminf, inf@n(x) Supy>( IP’,()n) (]@n(:r) — Gp(2)| > 1/K) > 0, which concludes the proof. §
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