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1 RNN variants: LSTM and GRU

This section introduces the architecture of LSTM and GRU (see Figure 1 for an illustra-
tion). To fix ideas, we briefly describe the gating mechanisms and the corresponding update
equations used by these architectures.

A common innovation in the recurrent structure of LSTM and GRU is the use of “gates.”!
Intuitively, gates are element-wise nonlinear filters taking values in [0, 1] (typically via a
sigmoid) that act as soft, multiplicative selectors of information. By modulating how much
prior state and new input are written, retained, or exposed at each step, LSTM and GRU
mitigate vanishing gradients (a potential issue when training RNNs on data with long-range
temporal dependencies). GRUs achieve similar control with a simpler parameterization,

which can ease training and reduce variance in small samples.
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!'More specifically, with input I;, hidden state H;, and cell state C;, the LSTM updates are

ip = o1t (Wi He—y + Wiap(Ily) + bi), fr = o1t (WprHe—y + Wiap(Ly) + by), 00 = 01(Wor He—1 + Woap(Iy) + bo),
Cy = oo(WerHy—1 + Weap(Ly) +b.), Cr = fr ©Ci1 + 44 © C’t» H; =0, © 02(Cy).

Here 01 (-) denotes the logistic sigmoid and o5(-) is typically tanh; @ is the Hadamard (element-wise) product.
Similarly, with input I; and hidden state H;, the GRU updates are

re = or(WiiHy—y + Wiap(Iy) + b,), 20 = o0 (War Hy—y + Weap(Ly) +02),
H; = oo(Whi(re © Hi—1) + Whop(Le) +bp), Hi = (1 — ) ©OHy—1 + 2 © H;.



© & p()
p()
RNN LSTM GRU

Figure 1: Plain and Gated RNN Architectures

Note: Three panels labeled RNN, LSTM, and GRU. Each shows nodes I; (input), H; (hidden), and O;
(output). The recurrent update takes (p(I;), Hi—1) to H; via gated operations when applicable, and ¢(-)
maps H; to O;. The LSTM includes an additional cell state Cy drawn as a horizontal path alongside Hy;
elementwise operations are indicated by @ (multiplication) and @ (addition) on the connections into and
out of Cy. The GRU shows only the hidden state pathway (no separate cell state), with ® and @ marking
gated elementwise operations on input-hidden and (past) hidden-hidden connections. The RNN panel
shows a single hidden-state recurrence.

2 Technical Lemmas and Their Proofs

Throughout the proof we use the following shorthand. Let

1/2
A7 = max(w?wy,log T, wj) log? T, Ag := (max(wah log T, w,%)) (Tw;, ') "?10g® T.

In nonparametric statistics, econometrics, and learning theory, many convergence and
generalization results depend not only on sample size but also on how complex the function

class is. For this reason, we introduce:

Definition 1 (Covering Number and Metric Entropy). Let F be a class of functions equipped
with a norm || -||. A subset F' C F is called a d-cover of F if, for every ¢ € F, there exists
¢ € F' such that ||p — ¢'|| < . The é-covering number of F, denoted N'(9,| - ||, F), is the
cardinality of the smallest §-cover of F. The metric entropy of F is defined as the logarithm
of its covering number, i.e., log N (4, - ||, F)-

At the outset we work with the range-bounded class Fpni ' (d, w, C, B) from Section 2.2.

For convenience we also introduce a larger class that strictly contains it; by monotonicity



of covering numbers under set inclusion, any upper bound for the larger class immediately

bounds the covering number of the constrained subclass.

Definition 2. Denote the function class Fni™ (d,w,C) as follows:

.....

To control temporal dependence, we approximate the hidden state H; by truncated states
{H}} >0 that depend only on the most recent ¢ lags of (Y, X). These finite-memory proxies
are used to establish mixing and uniform bounds, and relate to H; as ¢-step truncations of

its recursion.

Definition 3. For s > 2 and h € R"", define the update map
O (h) = th(p(Y;_l,XS_l) + Whh).

For (p,Wh,vp, ) € Fh and 2 <t < T, define the truncated states by

rmn

0, t <V,

HY = ®,0), H:= (1)

o (H{"}), t>&£21 

Equivalently, for t > ¢, Hf = ®; 0 ®;_;0---0®; 4(0). In contrast, the true hidden state
follows H; = ®y(H; 1) = P, o Py 00 Dy(Hy).

We begin with Lemmas 1-3; detailed proofs are provided in the Online Appendix of Shen
and Xiu (2024).

Lemma 1. For any DNN ¢ € Fnd™ (d,w, T®?*®), it holds that
le(x) = () lloo < neT D]z — gl .

Lemma 2. Consider the class of neural networks Fpnit (d, w, T%P*5) with width vector n =
(ng, . ..,ngr1). Assume that the total number of nonzero weights in the network is bounded
by S and the input ||zl < C for some C > 1. Then, there evists a subset F, "' C
Fadt(d,w, TP+ such that:

(i) Its cardinality satisfies: |F, 5| < (86 1CTGHHE2) (1 4 w)dnond+1d)25;

(it) For any ¢ € Fus™ (d,w, T3, B), there exists ¢ € F,'5" such that ||o(z) —p(z) [ <
0. for all ||z]je < C.



Lemma 3. Assume f € HP(|—a,a]”,C) for somep = q+s, g € Ny and s € (0,1], and C > 0.
Suppose a > 1 and C is sufficiently large (depending only on fixed constants including p, a, C
and | o). 1 d = [log, ()] - (Mogy(max(g,r) + 1)]+1) and w = 2" (759) 12 (g4 1),
then there exists a neural network fe € FHd,w, "5, B) such that Hf — Foide <O,

for some constant C' depending only on fized parameters.

These lemmas supply the regularity, complexity, and approximation ingredients needed
for our main result. Lemma 1 provides a uniform Lipschitz bound for networks in
Fodt(d, w, T*+3), ensuring stability of outputs with respect to inputs. Lemma 2 furnishes a
covering-number bound that discretizes the hypothesis class with explicit cardinality control,
thereby quantifying its capacity. Lemma 3 establishes a uniform approximation guarantee for
smooth target functions by networks of controlled depth, width, and parameter magnitude.
Together, these results jointly control smoothness, statistical complexity, and approximation
error, and they underwrite the bounds on estimation and approximation errors required to
derive our convergence rates.

Next, we prove several lemmas specific to RNNs that serve as key ingredients for the

subsequent theoretical analysis.
Lemma 4. Let Hf be defined in (1) and let € be as in (1). Then,
(i) for all integers t > 1 and £ >0, ||Hy|loo, |[H{|loo < 4(e1T7P+5)™";
(ii) for allt > (+2 and { > 1, |Hf — Hy||oo < 8(1 — €)f~"n (20 1T55+5)™",

Proof. Set a := T°**%¢~1. Throughout the proof, absolute values and inequalities are un-

derstood elementwise. Using (5), we have

|Hy| = |ou,(p(Yie1, Xem1) + WiHo1) | < Jon| + |p(Yie1, Xe1)| + [WhHy—1|
<2755 1, + |WiHy 1|

Let Hj,; denote the k-th entry of H,. By (4), W), is upper triangular with diagonal entries
bounded by 1 — € and upper-diagonal magnitudes bounded by T°°*5, hence

|Hu, 1| < 277 4 (1 = €)|Huy, 11,
|Hwh_17t| < 2T5ﬁ+5 + (1 - E)|Hwh_17t_1| + T5ﬁ+5|Hwh,t—1|a
. o

|Hyy <2740 4 (1= €)[Hyya | + T [ Hiyoa.

1=2



(1) Uniform bound. With Hy = 0,,, the first inequality yields |H,, | < 2a for all ¢ > 1.
Consequently, from the second inequality, we obtain |H,, 1 < 2a + 2a®. Propagating
upward gives

) awh—i—i-l -1
|Hiy| <2a(1+a+-+a"") = 20 ——F—
a J—
Using the elementary bound “—=! < 2a™' (and hence 2a“—=! < 4a™), we obtain |H;,| <
4 q"r=1 Maximizing over i ylelds | Htl|oo < 4a™». The same recursion with H;_; replaced
by H;~| shows |H!,| <4a"»~"! and ||H{|w < 4a"* as well.

(7t) Truncation error. Since oy, is 1-Lipschitz elementwise,
HY = Hy| = |00, (p+ WhHL) = 00, (p+ Wi Hio)| < Wa(H/ = Hyy)l.
Therefore, by (1),

| wht wh7t| < ( )|H5;h1t 1 Hwh7t_1|7
— Hy,—14| <A —)Hy = Huyoraa| + TP Hy = Hy, o,

| wh 1t

. Wy,
[HY, = Hiy| < (1= )| H{ Yy = Higo + T |HY — Higl. (2)

1=2

We claim that, for all integers £ > 1, ¢t > ¢+ 2, and 1 < i < wy,
’Hi{t . Hi,t‘ S 8 (1 . E)f*wh+i (Zf 671T5,3+5) wh—i—&-l. (3>

This immediately implies the desired bound.
Base case ¢ = 1. From the first line in (2) and the bound in (i),

oy = Hupal < (L= )[Hy, oy = Hupoa| 81— €)a <8(1—¢) (2¢71T77F).

For k < wj, — 1, (2) gives

Wh

|Hli,t - Hk,t| <(1- €)|Hk,t—1 - Hl?,t—l’ + Z T5ﬁ+5‘Hi,t—1 - Hgt—l‘
i=k+1
wp,
S (1 . 6) . 8awh—k+1 + T5ﬂ+5 Z 8awh—i+1
i=k+1

< 8(1-— E)awh_k+1 + 16g™r—F1 < 8(1 — 6)1—wh+k (2 6—1T5ﬁ+5>wh*k+l’

which is (3) with ¢ = 1.



Inductive step. Assume (3) holds for all 1 < ¢ < ¢; — 1. For i = wy, iterating the first
line of (2) yields, for t > ¢ + 2,

|Hy = Hyy o] < (1— ) HS, o — Hupre,| <8(1—€)"a < 8(1—€) (20 ' T7).

w

Now fix k£ < wy, — 1 and suppose (3) holds for i = k+1,...,wy, at level £ = ¢;. From (2),

Wh
|Hy = Hial < (1= )[H, T\ — Hega| + T Y [H{ 7 — Hiy
i=k+1

<(1- 6)61_1|Hk1:,t—€1+1 = Hy 111

Wh, '
+ (51 _ 1)T5ﬁ+5 Z ] (1 N E)él—wh+z’—1(%1 €—1T55+5)wrz+1
i=k+1

=1+ Q2, VE=l+2
Using the base case bound at { =1 and that ¢ > 2, w, —k+ 1> 2,
Ql g 9 (1 o 6)517wh+k (2£1 671T55+5)wh_k+1‘

For @), factor the leading term and bound the finite geometric series:

-1
01 —wp+k —1 5ﬁ5w—k+1 1—c¢
Qe <4(1—gt ™™ (20 T (1_W)
16 wy, —
S ? (1 - E)fl—wh-i-k‘ (261 6—1T5,3+5) h—k+1

Y

since < }1 when ¢; > 2. Combining (); and ()2 and loosening constants gives

1—e
201 e~ 1THP+5
[Hfl — Hyd] <8 (1= )t (20, 7980y 44L

This proves (3) for i = k, and the induction on i and ¢ completes the proof. [

Lemma 5. For F*: defined in (5) and satisfying the conditions of Theorem 1, there exists

a function class .7-";:”’;’5 C Fur with § = T~ such that:

n rmn

(i) Its cardinality satisfies log |F2" | < w?wylog! T + wilog® T.

nn,o

(ii) For any (p, Wh, v, @) € Fh , there exists (p, Wy, Un, P) € Fot s such that

rnn’ rnn,

lo(Hy) —p(H,)| < 6=T"" forallt> Cwylog®T,



where C > 0 is a fized constant independent of (p, Wy, vp, @) and T.

Proof. Recall Hf from (1). By Lemma 4 (ii), for t > £ + 2,
[He = Hflloo < 8(1—e€)7"n (20 1T°7F2)™
Let (5, Wh,Un, @) € Frp, 5 satisty,
Wi = Whllso,  llon = Tnlloo.  llp—7lle < & (4)
Then for t > + 2,

— — S —
I1Hy = Hilloo < |Hf = Hilloo + [1Hy = H|loo + [ He = H,llo
< HE = )|l + 16 (1 — €)= (2071 T55+5)"" (5)

Using the elementwise inequality |o,(z) — 0y, (y)| < |v—u|+ |z —y| and Lemma 4 (i) (applied

to bound ||ﬁfj||oo), we have

H! ~ Hylloo = [0, (p(Yem1, Xio1) + WaH{E) — 09, (B(Yio1, Xem) + Wi H, 1) ||
< o = Tulloo + llp = Blloe + IWaHI= — Wi H,_y |l
< 26+ wn Wi — Walloo [H; 1 oo + wnl|Walloo | HEE = H, )l
< 6.€wy (€ T 4w, T || L = T, oo,

where we used 2¢ < 28wy, (e L TP)wn |W), — Wlao < €, Hﬁfj”oo < 4(e1TPPHP)wn from
Lemma 4 (i), and ||[Wp, || < T?PF5.
[terating this inequality yields

/-1

Wh,

(T (w, T HY, — H, |
0

|HE — H |l < 6wy (671T5ﬁ+5)
< 68w, (71 T7) T T 4 (T v, () — 05, (7)o

£
Il

'wh

71T5ﬁ+5

<6&wp(e (wp TOPT5)E 4 26 (w), T 5)*

h

< 8&wy <€_1T5’8+5> (w, TP )L (6)
Combining (5) and (6), for ¢ > ¢ + 2 we obtain

|H, — || < 8gwh(e—1T5ﬂ+5)wh (W TPPH2) 416 (1 — )/ (201 T55+5)""



< 24 (206 T (S (wn THH) 4 (1= €)f~n).

Choose ¢ = Cywy, log? T and & = exp(—Chwy, log® T). Since wy, < T2 log T with ay < 1,
we have w;, < T for large T'. Then
Ewy, (w, T7PH)F = exp(—C’gwh log® T 4 Chwy, log? T log(w, T%°*?) + log wh)

< exp(—CQwh log® T + C1(58+6)wy, log® T + log T) ,
and
(1—¢)f7wn = exp((ﬁ — wy) log(1 — e)> = exp(C’lwh log® T log(1 — €) — wy, log(1 — e))

Hence, for any fixed Cy > 0, by taking C;, C5 sufficiently large (independent of T" and the
parameters) we can ensure max(§ wy, (wyT?*?)¢, (1 — €)*~*n) < exp(—Cowy log® T). There-
fore,

|Hy — Hylloo < 48 (20 ' T77F2) ™" exp(—Cowy log? T).

By Lemma 1, for ¢, € F, (d,w, T58+9),
lp(He) = B(H) oo < wn T D0 Hy — Hilloo + [l = 7]loo-

Since d < logT, w < T, w, < T, and ¢ = Cywy, log? T, we can choose C, large enough so
that
48y, TP +5)(d+1)yd (2€ 6*1T5ﬁ+5)wh exp(—Cowh log? T) < (27)7 %

Thus, whenever ||¢ — 9|l < (27)7! and (4) holds, we have
lo(H,) — B(H,)||oo <T7' forallt > ¢ +2=Ciwplog? T + 2,

which proves (ii).
For (i), combine coverings of ¢ at accuracy (27)~! with coverings of W}, vy, p at accuracy
¢ = exp(—Chwy, log® T). The total number of functions is at most NTANoN3N}, where
N = ((QT)ilv | - Hoo, [—4(e—1T5B+5)0h | 4(¢—1T56+5)h]wh f;h(d, w, T5ﬁ+5, B)),
Ny = (57 (-~ fgfk(d7w7T56+57T5ﬁ+5>)7
N 1 lloos {on € R lunfloo < T}),
N(f, |- lloo, {Wh: W), of the form in (l)}),

z 2
[T



where || f||~.o denotes the sup norm on the domain € for function f(-). By Lemma 2(i) and
¢ = exp(—Cowy, log® T),

log V7 < (w?wp, log T + ww?) log® T, log Vo < (wwp, log T + ww?) log® T,
and directly, log N5 < wi log® T, log NV, < wi log® T.

Using zy < 2% + 2 to absorb mixed terms (in w and wy,), we obtain
4
log | Fk 5| = ZlogM < wlwplog* T + wjlog® T,
i=1

which proves (i). O

Lemma 6. Let {Y;}iez be a stationary a-mizing process with coefficients a(j) < e for
some k > 0. Let f: R — R be Borel measurable with |f(Y;)| < B a.s. and E[f(Y;)] = 0.
Then there exists a constant C\, > 0 depending only on k such that, for allT > 2 and x > 0,

C,, x* o T
p(|sr| = 0) < eXp<_ 2Tlog T Var(f(Y1)) + B® + xB(logT)2>  Sri= ;f(m‘

Proof. Set v? := Var(f(Y1)) +2%,.,| Cov(f(Y2), f(Y1))]. By Theorem 2 of Merlevede et al.
(2009), there exists C' > 0, which depends only on &, such that, for all " > 2,

Ca” Yz >0 (7)
V2T + B2+ xzB(logT)? )’ r=

P(\ST} 2m> < exp(—

For t > 2, the covariance inequality for a-mixing and bounded functions (Lemma 3 of
Doukhan (1994)) gives |Cov(f(Y;), f(Y1))| < 4B*a(t — 1). Hence, for any integer k > 1,

v? < Var(f(Y1) +2 ) Var(f(V1)) + 2 |Cov(f(Yi), f(V1))]

t=2 t>k

< (2k— 1) Var(f(11)) + 8B> > a(m) < (2k — 1) Var(f(V1)) +

m>k

8
1—e "

B2e~ "k,

With k := [k~ log T'] we have e™** < T~ so

8

1l —e*

v? < 2k tlogT Var(f(Y1)) + B*T 1.

Plugging this into (7) and absorbing the factors k™' and 8(1 — e™*)~! into the universal



constant yields the claim with ), > 0 depending only on k. O

Lemma 7. For Hf defined in (1), there exists a fized constant C* > 0, independent of
(p, Wh,vn, 0) and T, such that with (* = C*wy,log® T,

sup ||o(Hy) —o(H ||, < T (8)

t>0%42

Proof. By Lemma 4 (ii), for every ¢t > ¢ + 2,
[Hy = Hilloo < 8(1—¢)fn (20 1T%PF2)™,
Since ¢ € F, (d,w,T°*? B), Lemma 1 yields the (coordinatewise) Lipschitz bound

10(2) = (oo € Lollz—2lloo Ly < 1wy TEHIED

Combining the last two displays gives, for every ¢t > ¢ + 2,
HSD(Ht) . @(Hf)“oo < 8wy, T(5B+5)(d+1)wd (1 . e)é—wh (QE 6—1T5B+5)wh‘

The right-hand side does not depend on ¢, hence the same bound holds with sup,-,,, on the
left.

It remains to choose ¢. Using the structural relations d < log T and max(w,w,) < T, set
(=% := C*wy, log® T. Since log(1 — €) < —e, the factor

(1—€)" " = exp((€* —wy) log(1 —€)) < exp(—e C*wp, log? T + ewy,)

decays as exp(—e C*wy, log? T), which dominates the polynomial growth coming from
Wy TEAH ) yd (0% 1T58+5) " Hence, by taking C* > 0 sufficiently large (independent
of (p, Wy, v, p) and T'), we ensure

”90<Ht) o g0(}_[15)”% < 8wh T(56+5)(d+1)wd (1 o e)é*ﬂvh (26* 671T5ﬁ+5)wh < Tfl. n

Lemma 8. Under the conditions in Theorem 1, for any fized (p, Wy, vp, @) € F¥r and fized

nn

¢ > 0, there exists C' < oo independent of (p, Wy, v, @) and T such that, with probability at
least 1 — (0* 4 2) exp(—cAr),

1/2
1 T
< C<?ZEHEt1}Q—gp(Ht)H2> Ap + CALlogT,

t=~0*

%Z&j (E&AY;& - SD(Ht))

t=0*

10



for all T large enough.

Proof. For integers i < 7, let %f be the sigma-algebra generated by {(Ys, e, X5) 17 < s < j}.
By unrolling (1) for ¢ steps, Hf depends only on {(Y, e, X,) :t —1— ¢ < s <t— 1}, hence

Hf is ij_e—measurable fort > 04 2.

Fix ¢ = ¢* as in (8) and define, for t > (* 4 2,
Dy, :=¢/ (E1Y; — o(H[)).
Then E(D;) = 0 since H} is §.~]_,.-measurable and E;_i&; = 0. Moreover,

1Dy| < lleelr||EerYy — o(H;)

< 2rB*=: M, (9)
Y) <rBE|E Y, - o(H)|” (10)

E|DI < B (Jler]2|[EerY; - o(H)

where the last inequality uses ||;||* < rB2.

Let L := ¢* + 2 and form the L interlaced subsequences { Dy i1 }r>0, j =0,...,L —1
(truncated when indices exceed T'). Each subsequence is a-mixing with coefficients bounded
by ar(u) < e*. Denote n := |T/L]. By Lemma 6 (a Craig-Bernstein inequality for

a-mixing arrays), for all z > 0,

n—1
C x?
p ‘ Dy ‘> < _ _
(kz—; e _SC) _eXp< 2”(10gn)E\Dt|2+M2+Mx(logn)2)

By the union bound, writing A := 2n(logn)E|D;|*> + M? and B := M (logn)?,

P(‘;Dt ZTZ) SLexp(—%) , Vz>0. (11)

Set y := Tz/L. Note that -2~ > 2 min(%, %) holds for all a,b,t > 0. Applying this in

a+bt —
(11) yields
- C vy
P(‘ ;Dt > Tz) < Lexp(—amin<z, E)) .
Hence, for any ¥ > 0, choosing

[2AY 2BY

makes the exponent at least . Equivalently, with probability at least 1 — Le™?,

11



1 L 2409 2BV
— < = R I
T‘;Dt_T< c O)

Using VA < /2n(logn)E[D;|2 + M and Ln < T gives

1 T
7D
t=L

Take ¥ = cAr and use L = ¢*+2 < wy log? T, n < T/L, and logn < log T. With probability
at least 1 — Le~“*7 | combining (13) with (10) yields

<\/é (logn)E|Dt|219+%M(log”)219+%M\/g> . (13)

T T
1 0~ 1 o ](2
T’ Z Dt S C T m?"B2 Z EH]Et—l}/;f - @(Hf ) \ AT logn
t=0*42 t=0*42
0* *
+ OT M(logn)2AT + C? M\/ AT. (14)

Since T — ¢* — 1 > T/2 for large T and /Arlogn < y/max(w?wy, log T, w}) log® T, the first
term in (14) is bounded by

B2 &
C( T Z E||E;,Y; — He H2> <\/>\/max w?wplog T, w}) log? T)

t=0*+2

<CAr

and, using (9) together with L =< wy, log? T and logn < log T,

*

K *
?M(logn)zAT < AflogT, TMVAT < AZlogT.

Therefore,

1/2
2wrB? .
<C ( TT > E|EY; — o(H]) 2) Ar+C A3 logT.

=042

Finally, write

e
_th Et IYt Z Dt+ th Et IY; (Ht))
t—= Z* t £*+2 t Z*
1 T
+5 Dl (pH]) — p(Hy).
=42

12



By (8) and ||g]|1 < rB, the last two terms contribute at most 107~ 'rB?. Combining the
pieces and applying /= +y < v/x + /y to absorb negligible terms, we conclude that, for all
T large enough,

T T 1/2
1 ~ (1 -
T Z 5: (Et—lyt - W(Ht)) <C <? ZEHEt—lyt - SO(Ht)H2> Ar + CAzT log T,
t=t* t=t*
where C, C' are constants independent of (p, Wy, v, @) and T'. ]

Lemma 9. Under the conditions of Theorem 1, for any fixed (p, Wh,vp, p) € F¥r and any
fizred ¢ > 0, there exists a constant C' > 0, independent of (p, Wh,vn, ¢) and T, such that, for
the iterated prediction procedure and any fized h € NT, the following holds with probability

at least 1 — (0* 4 2) exp(—cAr):

1 T
7 2B = (H)| ~ ElErn1Yen — o(Hron)||
t=2

t=0*

1/2
1 T
§C’<TZIEHEt_1}Q—g0(Ht)H2> Ar+ C AZlogT,

for all T large enough. Here (* is defined in (8).
Proof. For any ¢ > 1, define

D, = |E1Y; — SO(Hf)H2 — E||Erin1Yrin — @(H§+h)"2> t>0+2.

Since H! depends only on {(Y,e,,X,) :t —1—¢ < s < t—1}, we have D, € §_,_,.
By stationarity (time-homogeneity) of the iterated procedure, ED, = 0. Moreover, using
[Ei—1Y: — ¢(-)[| < 24/7 B, we obtain

Dy < 4rB* and ED? < (4rB*)E||E,Y; — o(HY)||"

where the second bound follows from 0 < X < 4rB? = X? < (4rB*) X with X = |E,_,Y; —
(HD) 2

From here, apply exactly the same interlacing/blocking and Craig-Bernstein concentra-
tion argument as in Lemma 8, with the random array {D;} in place of the variables used
there. This yields the desired probability level 1 — (¢* + 2) exp(—cAr) after the union bound
over the L = (* + 2 interlaced subsequences. Finally, use (8) to replace H by H; (and
similarly at time T + h), and absorb boundary terms for ¢t < £* + 2 into C' A% log T, exactly
as in Lemma 8. This gives the stated inequality. O
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The following lemma strengthens Lemma 8 by allowing (p, Wj,, vy, @) to be chosen in a
data-dependent way. The proof covers F = by a finite d-net .7-';’::;1 s and applies a union bound

to obtain a uniform high-probability inequality; hence the bound holds for any (random)

selector as well.

Lemma 10. Under the conditions of Theorem 1, for any (p*, Wi, vy, ¢*) € F¥r  possibly
depending on the in-sample data, the following bounds hold with probability at least 1 —
C exp(—Ar) for some fized constant C' independent of (p*, W}, vy, ¢*) and T':
1/2
2) ATv

| T
< AllogT + (TZEHEt—lﬁ—W(H:)
t=2

1 I (15)
7 D B = o () |* — ElErYr — ¢ (Hpp)|?]
t=2
T
1
= S UE|EY: - o (H)|P + AdlogT. (16)
t=2

Here Hy := oy (p*(Yie1, Xo1) + Wi H; ) and Hy := 0.

Proof. By Lemmas 5 and 7, there exists a finite subclass .7-"mn s C Fur such that for any

rmn

(p, Wi, vn, ©) € F¥r  there is a corresponding (p, Wy, p, P) € Fo*  with

rnn’ rnn,d

|o(Hy) —@(Hy)||  <T™"  forall t > Crwylog?T, (17)

where C] > 0 is universal and

log | F..) < wlwplog* T + wilogT.

nn5 ~

By construction, there exists (ﬁ*,W;,Eh, *) e F." < such that

rnn,d

*

|o*(Hy) - (H,)|| <T~"  forallt > Crwylog®T, (18)

where H/ <p (Yo, X)) + WiH, 1) and H := 0.
Step 1. Fix f = (p, Wy, vn, ¢) € F,,, 5 and define the event

1/2
1 T
£ =4 |5 3l (B e~ o) <o2( S EfE Y- <Ht>!!2> Ar+C; A3 logT
t=L* t=£*

By Lemma 8, for each fixed f,

14



P(&f) < Le .

Now apply the union bound over the finite class | s

_ 7CAT
P(ypey &) 2 15, PED 2 L= F Lo

Using log [ Foh 5| < w?wy, log! T+ w} log® T and L =< wy, log? T, we have

log (| Fy s | L) = O(w?wy, log* T + wj log® T + loglog T) = o(A7)
by the definition of Ar. Hence there exists a fixed ¢ > 1 (e.g. ¢ = 2) such that

| Le M < ¢ for all T large enough.

‘ Tnn5

Therefore,

> 1—e M
P(mfé]:mnégf> = 1 (& .

That is,

1 T
T Z 52—(Et—1Y;€ - (

t=L0*

1/2
<c2< ZEHEt 1Y, — (Ht)H2> Ar + Cy AZlogT,

t=~0*

holds uniformly for all (p, Wy, vy, ) € For s with probability at least 1 — e A,

Step 2: Proof of (15). Using Step 1, * < wylog®T, and ||g||cc < B, we have, with
probability at least 1 — exp(—Ar),

1 & o 1 < i 0+
T;J(Et_mw (H»)‘ S f;*eI(Et_IYt—so(Ha) + = (19)
) T 1/2
N f%EHEt—lyt—W(ﬁ:) ’ Ap + AZlogT
) T 1/2
S {72 ElEeYi—e(H) ] Ar + AflogT

t=0*
1/2

1 T
S | 7 2 ElEY - @)
t=2

In the first and the third line we used ||@*(H;) — @*(H,)||oc < T~" from (18). This proves

15



(15).
Step 3: Proof of (16). By Lemma 9, for any fixed (p, Wj, vp, ) € Fr and ¢ > 0, there

rmn

exists C3 > 0, independent of (p, Wy, vs, @) and T, such that with probability at least
1 — (x4 2) exp(—cAr),

1 T
LS DAL R
=2

1/2
1 T
< Cy <? > E|EY; - go(Ht)H2> Ar+ C3 A7 logT. (20)

t=0*

As above, choosing ¢ large enough and applying a union bound over }7«1;31 s vields a uniform

version of (20). Repeating the argument in (19) (approximating ¢*(H;) by @*(H,) and
handling the boundary ¢ < ¢*) gives, with probability at least 1 — exp(—Ar),

1
T

Finally, by Cauchy-Schwarz inequality,

IEe—1Y — " (H)|* = E[ErYrsn — " (Hiy o))

[M]=

t

[|
N

ﬂ I

1/2
2) Ar + AZlogT.

ZEHEHYt — " (H})
Z*

T 1/2
1 (e |2
(TZEHEt_m—w (H;) ) < ZEHEt Y=o (H))|[F + AjlogT,
t=t+
which yields (16). This completes the proof. O

Lemma 11. Under the conditions of Theorem 1, for any (p*, Wy, vi,©*) € F¥h . pos-
sibly depending on the in-sample data, there exists a constant C' > 0, independent of
(p*, Wi vk, ") and T, such that for each fivzed h € N the following holds with probability
at least 1 — C'exp(—Ar):

1 T
7 2| [Bea¥i = e DI B [EranaVin = o (1)

1 T
ZEHEt Y — o (HY|]F + AZlogT.

t=

Here Hf := o,:(p*(Yie1, Xo—1) + Wi H; ) with H := 0.
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Proof. By Lemma 9 (applied to a fixed h) and the same covering/approximation

and

union-bound argument used in Lemma 10, the stated bound follows directly; the trunca-

tion and boundary terms are handled identically. We omit the details.

]

Lemma 12. For any function o* € H?([—a, a]", B), there exists a single-hidden-layer neural

network f1 € FX1,7,T*%2) with 7 < T such that

B
T

(log T)% T, if B < ”3
o=l = fMe S

N[

(log )2 7272, if >4,

where the implicit constant depends only on (a,r, B, ) (and not on T ).
Proof. Define the class
GHr, M) := {f R" > R: f(z Zaza , il =1, Z|az|<M}
=1

By definition, any f € G!(r, M) is a one-hidden-layer ReL.U network with width 7
output-layer £;-norm bounded by M. Hence, for M > 1, G} (7, M) C FX (1,7, M).

and

By Corollary 2.4 of Yang and Zhou (2025), for any 7 € N there exists fT € G(r, M)

such that

r+3-208

o le| _ (log T')*/? B if B <3 and M, < 75,
2 00~
(10gT)1/2 7-—%—%’ if B> ™3 and M, = (10g7)1/2_

It remains to embed this fT into the target class F(1, 7, T?*2). Since 7 < T, we have:

o If B < T+3 , then 0 < r+32;25 <2B8+2, 80

r+3-28 r+3 28

M,=<7 2> <T < T2P+2,

o If > ™3 then
M, = (log7)/% < (log T)'/? < T?+2,

Therefore, in both cases M, < T?*2 for all sufficiently large T, and thus fT € Gl(r, M,) C

FY(1,7,T?%%2). This proves (21).

]

Lemma 13. Recall that 0 is defined in (19) and that L, introduced in the proof of Theorem

2. For1<i<qandn >1, define
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—9
Lo ::]I(n— an Jq—i>0>. (22)
If0 <0 <1, then

n—i—1
( Z 9]’) Ly + gln=2/d+h: B < B,
=0
forall1 <i<q,1<n <[log,;1Tq, and all sufficiently large T. (By convention, the sum
is zero whenn —1—1<0.)

Proof. Throughout, adopt the convention that an empty sum equals zero. Set

n—i—1

. -2
Shi 1= Z 07, i = Ln J + 1.
=0

q

We split into two cases.

Case 1: n < i (equivalently, n < i+ 1). Then S, ; = 0. It suffices to show k,; > 0.
If n =1, then |[(n —2)/q] = —1 and, since 1 < i < ¢, [,;, =I(14+¢g—7>0) =1, so
kn; = —1+1=0. If n > 2, then |(n —2)/q] > 0 and I,,; > 0, hence k,; > 0. Thus
g% B < B, proving the claim in this case.

Case 2: n > i+ 1 (hence n > 2). Now S,,; > 0. For sufficiently large T, we have
1, < (1—0)2B, by (21). Using the geometric sum formula,

Spity=———1,<(1—=0""1-0)B<(1-0)B.
Therefore it is enough to prove k,; > 1, since then g%+ B < B and
Spity+0™B<(1-0)B+0B=B.

To verify k,; > 1, observe:

e If2<n<q+2, then |(n—2)/q] =0 and
kni=1,;,=In—i>0)=1 (sincen>i+1).
o If n>q+2 then |[(n—2)/q] > 1,50 k,,; > 1.

Combining the two cases yields

n—i—1

< Z §J> Ly + glLn=2)/al+In: B < B. ]
=0

18



Lemma 14. Let 0,;, 1 < s < r, 1 <i < qr, be as in Assumption /, let 0 be as in (19),
and let I, ; := H(n - V’TJJQ —i> 0) (as in (22)). Then, for all 1 < n < [log, ;3 T'lq and
l<j<uq

q
Z (95,(i—1)r+1 S 987”) gln=2)/a)+1n,: < 5[(”*1)/qJ+In+1,1’ (23)

i=1

n—2 n—1
L ; J + 1, ::L ; J 4 Lt e, (24)

Proof. Set 1 := [(n—2)/q], ' .= |(n—=1)/q|, 7 =n—1lqg €{2,...,q+ 1}, and 1,41 :=
(n+1)—1l'qe{2,...,q+ 1}. A direct check gives
rm+1, mh€{2,...,q}, , [, rn € {2,...,q},
T'n41 = =
2, r,=q+1, l+1, r,=q+1.

For any 1 < j < ¢, note that
Ly =1r,—j>0)=1L(j<r,), Livijir =Wrpen — (G +1) > 0) =1(j < rpyr — 1).

Ifr, € {2,...,¢} then 1y — 1 =1, and ' = I, so L1141 = I(j < r,) = I,; and hence
I+ 1L, =U~+1It1j41- Urp=q+1then I,,; =1 <qg+1)=1, Ih41;:1 =1 <1)=0,
and ' =1+ 1, so again | + I, ; = I' + 1,41 j41. This proves (24).

Next, observe that i — n — | (n —2)/q|q—i is strictly decreasing, hence I,,; > --- > I, .
Since 0 < 0 < 1, for all 1 < i < ¢, gL=2/adl+Ini < gln=2)/al+Ina  Therefore,

q

Z (957(2-_1)74_‘_1 + -+ es,ir) éL(TL*Q)/‘ZJ+In,i < (i 95,1’) ét(”*z)/QJ+In,q'

i=1 i=1

By (19), 27", 0,; < 0. Using (24) with j = ¢ yields

n—2 n—1 n—1
L J+In,q = L J +In+1,q+1 = \‘ Ja
q q q

since Ipp1441 = L(rpe1 — (¢ + 1) > 0) = 0 (because r,11 < ¢+ 1). Moreover [,,117 =
I(rps1 —1>0) =1 as 1,41 > 2. Hence

qr
(}:9M>gmmeHmwf§g.gwhnMJ:guwﬂva+uHJ7
=1
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which proves (23). O

Lemma 15. Let I,,; be as in (22), (pf, W], vl o) as in (21), and HI’(i) as in (23). Set
N :=[log,/3T]q and i, := N —n+1. If1 <n < N and t > max{p,q} +n, then

Zal Hi™ -y < ( ‘j) 1y + OV B
00 j=0
. n—3 ~
Hifﬁlﬂ,t —0 1, (e1)|| < (Z@ ) v, + G2tz B
oo =
, n—q-1 (25)
Hﬂif’;ﬂll.‘rt 0-B1, (gt—q—‘rl) < ( j) 2% + 0[(”—2)/qJ+In,q B7

where HI'™ = (HlT:fFi), . ,H;g NT. By convention, >0 07 = 0 when g < 0.

Proof. Recall
H?;r = O-'U;: (WJHZ;I.—I + pT(E—hXt—l)) .

Using that o_g(z) = x + B for x > —B and the definitions in (21), for ¢ > p we have
N = v, BT = (v, +B1L)T,..., (Y + B1L)T) (26)
Let b; := (bipragrats - - biprigrer) €RE. Forany 1 <n < N —1andt>p+ 1, from
HIO = oy (Wt 4+ WY 4 (T X))

we obtain, for 1 <i < T,

(¢—D)r
T,(n t,(n+1) t,(n+1)
HZ t( o ( Z bl ,pr+Lipr4r @ H] -1 T Z bZ pr+r+j H‘I‘-‘rjt 1t bz ,pr+1: pr—l—rY
+ Z bz ,jr—r+1: ]rY;f*J' + bz—'rthl - Z bi,pT+jB> (27)
Jj=r+1

(n+1) t,(n+1
= Oy, (bz—rpr—i—l pr+r (Yi 1= Z a]H]Tt 1 > + bz pr+r+1: p’l’-‘rQ’I‘(HT-‘y(-lZT-B'I‘,t—l - Bl?“) +oe
t,(n+1 T
+ bz pr+qr—r+1: p’V’+q7’<HT (r+1)7—t 1 + Z bz ,jr—r+1: ]rY;—j + bz Xt—l) :

Moreover,
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Hi-l(-rll)T—&—Tt 0-B1, < Z a]H.;rtn;rl + th1> ) (28)

T,(n) _ T,(n+1) .
HT+ir+1:T+(i+1)r,t = 0-Bl1, <HT+('L Dr+1lir+irt—1 Blr) ’ 1 S ? S q— 2. (29)

We prove (25) by induction on n.

Base case n = 1. First note that, when n = 1, 37§ 00 = > = 161 =0, > 567 =
S22 67 =0, and LTJ - L—%J — L, =11-|-1/qlq—i>0)=I1+q—i>0)=
1 (1 <i<ygq). Hence |(n—2)/q| +1; =0 for all i < ¢, and each right-hand side in (25)
reduces to B.

Next, by (26) (for t > p), Hfjgf) = (. For the first line of (25),

>oaH™ —E Y,

i=1

- ||Et—1)/t||oo S B

o0

For the remaining lines, by (26) (for ¢t > p), H:[flvlt = Bl;_,. Using that o_g(z) =z + B

for x > — B, we have
H r+1¢+rt U—BlT»(5t—1)H = ||BL, — (gt-1 + BL,)|| = H&t—l”oo < B,
and similarly, for j =2,...,¢ — 1,

< B.

H T+JT+1 T+(j+1)r,t —0-B1, (gt—j) LO

Thus all inequalities in (25) hold for n = 1, completing the base case.
Inductive step. Assume (25) holds for some 1 < ny < N; we prove it for ng + 1. Define

g(tfl:tfq) = (gtT—h e 7gtT_q)T by

€1 = @ (Y—:t—p—1)s E(t—2:t—q—1)> Xi—2) + €¢— 1—Z@JHT(MO)>
7j=1

~ . T(Zno) _ T,( ’Lno
€t—2 = HT+1T+T‘t 1 BlT? Tt gt q- HT r+1:7,t—1 — B1,.

Using (27) and the definition fT(z) = Y], a0, (b] ) (see (20)),

g (imo—1 .
Zai HiT,t( o™ _ O (Yit—1:t—p)» E(t—1:t—q)» Xt—1)

- fT (}/(t—lzt—p% g(t—l:t—q)7 Xt—l) - SO* (}/(t—lzt—p)7 E(t—1:t—q)> Xt—l)- (30)
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By Assumption 1, [l&¢|loc; [|[Yit—1:4—p)lloos | Xt]|oo < B. By the inductive hypothesis ((25) with

no) and Lemma 13,

ng—2

||gt_1||C>O < B+ ( §j>L<p + Q_L(no—Q)/QJ+InO,1B < 2B,
7=0

and similarly, for 2 < j <g,
no—j—1 B B
Bl < (3 0%)i+ 000D/l 0s B 4 B < 2B,

u=0

Let |z|s := |zs| for z € R". For 1 < s <r, using (20), the inductive hypothesis, Assumption
4, and the triangle inequality on (30),

’ Zn -1 *
‘HiT,t( o~ _ 2 (Yr(t—lzt—p)aE(t—lzt—q)athl)

S |(fJr - SO*) (Y(t—l:t—p)a 2‘:v(t—lcif—q)a Xt—l) ‘s
+ ‘90*(3/(7571:1&717)7 N(tflztfq)th—l) - QO*(YV(tfl:tfp)ag(tflztfq)aXt—1)|5

no—2

<t Zesz( S @1, + G0 Dal s )

=1 7=0

q nog—i—1
+ Z(esv(ifl)T+1 + 0 s, ( Z QJL + 9\- 10=2)/q)+1In, lB)
=2

7=0
no—1

< @7, o+ glLno=1)/a]+1Ing+1, 'B, (31)
=0

where the last line uses 051 + -+ + 0,4 < 6 < 1 and Lemma 14.
Next, by (28) and the 1-Lipschitz property of o_pg;, (coordinatewise),

0_B1, (Y; 1 — Za]H]thnl(])) — U_B1r<5t—1)

T n,
HHT-:1 Or+r + — 0-B1,(€-1)

S SO*(}/(tfltfpfl), g(t*Qthqfl), Xt 2 Z a] HT (Zrzo)
nog—2 no—2 [e%e]

S( Z §J>L<p + glno=2)/al+Ing1 g — ( Z g_j)% 4 glro=D/al+ g 12 B, (32)
Jj=0 s

where the last equality uses Lemma 14.
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Finally, by (29), for 1 < j < ¢q — 2,

1,(4ng—1)
HHT+37«0+1 TG+t U*Bh(gt*jfl) ’OO
T5(ing)
= HO-_BI (HT"F(jO Dr+1lr+jrt—1 Blr) —0-B1, (5t—j—1> ‘oo
T in, T in,
<HH +(]0 Dr+1lir+jrt—1 Bl — Et—j— 1|| = HH +(j0 Dr+1ir+jrt—1 UﬁBlT(et*j*l)HOO
no—j—2 no—j—2
g( 3 §u>% + glno=2)/al+lng i1 g ( 3 é“)%, + glo—D/al g 1542 B
u=0 u=0

using the inductive hypothesis and Lemma 14 again.
Combining (31), (32), and the above inequality completes the induction step ng — ng+1,
hence the proof of Lemma 15. [
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