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Abstract

This appendix contains details about variance swap pricing, invariant transformations, ex-

tended canonical forms, volatility models, likelihood estimation, as well as additional tables and

figures.

A Variance Swap Pricing

Proof of Proposition 1. Recall that since X is affine, the generalized conditional characteristic func-

tion (GCCF) of Xs is defined below, for any s ≥ t with t fixed:

Ψ(s, t, u,Xt) = EQ
t

[
eu
>Xs

]
,

where u ∈ CN. There exists a closed-form formula for the GCCF function given by Duffie et al.

(2000):

log
(

Ψ(s, t, u,Xt)
)

= A(s− t, u) +B(s− t, u)>Xt,

where A and B satisfy the following ordinary differential equations (ODEs):

Ḃ = (KQ)>B +
1

2

m∑
i=1

[Σ>B]2iβi + l1φ(B),

Ȧ = (ΛQ)>B +
1

2

m∑
i=1

[Σ>B]2iαi + l0φ(B),
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where B(t) = u, A(t) = 0, and for any h ∈ CN,

φ(h) =

∫
RN

(eh
>z − 1− h>z)ν̄Q(dz).

Under our risk neutral specification, we have

EQ
t

{∫ t+τ

t
σ2
sds+

∫ t+τ

t

∫
R
j2νQs (dj)

}
=: EQ

t

{∫ t+τ

t
fQ(Xs)ds

}
,

where fQ(Xs) = ΠQ
0 + ΠQ

1

>
X + X>Π2X + exp

{
Π3 + Π4

>X
}

, ΠQ
0 = Π0 + l0

∫
R j

2ν̄Q(dj), ΠQ
1 =

Π1 + l1
∫
R j

2ν̄Q(dj), and ν̄Q(dj) is the marginal distribution of jumps in Y .

Denote the transition density of the process X as p(Xs|s − t,Xt), and let u = −iv in Ψ with

v ∈ RN, we have

EQ
(
fQ(Xs)

∣∣∣Xt = x
)

=

∫
RN

fQ(x′)p(x′|s− t, x)dx′

=
1

(2π)N

∫
RN

∫
RN

fQ(x′)eiv
>x′Ψ(s, t,−iv, x)dx′dv.

We then utilize Fourier Transform of the tempered distributions to simplify the integral with respect

to x′. Consider the quadratic part first. Note that∫
RN

(ΠQ
0 + (ΠQ

1 )>x′ + x′
>

(Π2)x′)eiv
>x′dx′ = (2π)N

(
ΠQ

0 − i(Π
Q
1 )>∇v −∇v(Π2)∇v

)
δ(v),

where δ(·) is a Dirac delta that satisfies
∫
RN δ(v)dv = 1, and

∫
RN δ(v)g(v)dv = g(0) for any test

function g. Therefore, by direct calculations we obtain

EQ
(

ΠQ
0 + (ΠQ

1 )>Xs +Xs
>(Π2)Xs

∣∣∣Xt = x
)

=

∫
RN

(
ΠQ

0 − i(Π
Q
1 )>∇v −∇vΠ2∇v

)
δ(v)Ψ(s, t,−iv, x)dv

=ΠQ
0 + (ΠQ

1 )>∇uΨ(s, t, u, x)
∣∣∣
u=0

+∇uΠ2∇uΨ(s, t, u, x)
∣∣∣
u=0

.

For the exponential part, similarly we have∫
RN

eΠ3+(Π4)>x′eiv
>x′dx′ = (2π)NeΠ3δ(v − iΠ4),

so that we can derive

EQ
(
eΠ3+(Π4)>Xs

∣∣∣Xt = x
)

=

∫
RN

eΠ3δ(v − iΠ4)Ψ(s, t,−iv, x)dv = eΠ3Ψ(s, t,Π4, x).

The pricing formula for variance swaps follows immediately. Note that we have applied properties of

tempered distributions to simplify the calculations, all of which can be found in Kanwal (2004).
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B Invariant Transformations

Proof of Proposition 2. To prove the existence, we extend Dai and Singleton (2000) and Ahn et al.

(2002) to provide invariant transformations of the general model. These transformations lead to

alternative specifications without altering the price of variance swaps (or more generally, the likeli-

hood of the observables). We summarize the state factors, Brownian motions, jumps, and parameter

vectors in θ:

θ =
(
Xt,W

Q
t , Z

Q
t ,Λ

Q,KQ,Σ, {αi, βi}1≤i≤m, ν̄
Q(·, dz),Π0,Π1,Π2,Π3,Π4

)
.

There are 4 classes of admissible transformations that ensure the transformed process to follow (1),

(2), (3), and (4) of the main text (with different set of parameters), while maintaining the same

observable implications:

An Affine Transformation TA refers to TAXt = V + LXt, where V is an N × 1 vector and L

is an N×N nonsingular matrix. As a result, TAθ is defined below.

TAθ =


V + LXt,W

Q
t ,LZQ

t ,L Λ−LKL −1V ,LKL −1,L Σ,

{αi − β>i L −1V ,L >−1
βi}1≤i≤m, ν̄

Q(L −1(·+ V ),L dz),

Π0 − (Π1)>L −1V + V >L >−1
(Π2)L −1V ,L >−1

Π1 − 2L >−1
Π2L −1V ,L >−1

Π2L −1,

Π3 − (Π4)>L −1V ,L >−1
Π4

 .

An Orthonormal Rotation TO refers to an affine transformation on the Brownian factor WQ
t

such that TOW
Q
t = OWQ

t , where O is an orthonormal matrix satisfying O>O = OO> = IN×N.

TOθ =
(
Xt, OW

Q
t , Z

Q
t ,Λ

Q,KQ,ΣO>, {αi, βi}1≤i≤m, ν̄
Q(·, dz),Π0,Π1,Π2,Π3,Π4

)
.

A Diffusion Rescaling TD rescales the diagonal elements of St by a nonsingular diagonal matrix

D in RN×N. That is,

TDθ =
(
Xt,W

Q
t , Z

Q
t ,Λ

Q,KQ,ΣD−1, {D2
iiαi, D

2
iiβi}1≤i≤m, ν̄

Q(·, dz),Π0,Π1,Π2,Π3,Π4

)
.

A Permutation TP alters the order of state variables, which has no observable effect.

Using these transformations, we can impose normalizations on the process to achieve its canon-

ical representation. Following exactly the same procedure as in Appendix C of Dai and Singleton

(2000), we normalize the parameters in the dynamics of (2), while leaving the parameters in (3)

unrestricted (barring from their positivity constraints). Once we have transformed any model of (2)

into its canonical form, no restrictions can be imposed on the parameters in (3) without affecting

this canonical form, so that the procedure achieves the maximal model.

To show the uniqueness, by the existence result, it is equivalent to prove that canonical forms

of different types are not observationally equivalent under these invariant transformations. This is

obvious from Dai and Singleton (2000), because the number of positive factors remains unchanged

under admissible transformations.
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C Extended Canonical Forms

Here we provide canonical forms that allow for pure jump volatility factors. Each model of this class

is assigned to a family Am,j(N, J), in which N is the number of Brownian state variables, J is the

number of pure jump factors, while m and j are the number of independent linear combinations of

those state variables that are positive, respectively. In the absence of pure jump factors, we recycle

the notation Am(N) in Dai and Singleton (2000), and provide the canonical forms in the main text.

For each m and j, we partition X> = (X>m×1, X
>
j×1, X

>
(N−m)×1, X

>
(J−j)×1)>. The canonical repre-

sentation takes a special form of equation (3) in the main text, where for m > 0,

KQ =


KQ

m×m KQ
m×j 0m×(N−m) 0m×(J−j)

KQ
j×m KQ

j×j 0j×(N−m) 0j×(J−j)

KQ
(N−m)×m KQ

(N−m)×j KQ
(N−m)×(N−m) KQ

(N−m)×(J−j)

KQ
(J−j)×m KQ

(J−j)×j KQ
(J−j)×(N−m) KQ

(J−j)×(J−j)

 ,

and KQ
(N−m)×(N−m) and KQ

(J−j)×(J−j) is either the upper or lower triangle for m = 0 or j = 0,

respectively. In addition,

ΛQ =


ΛQ

m×1

0j×1

0(N+J−m−j)×1

 , Σ =

(
1N×N

0J×J

)
, α =


0(m+j)×1

1(N−m)×1

0(J−j)×1

 ,

B =


Im×m 0m×j Bm×(N−m) 0m×(J−j)

Bj×m 0j×j Bj×(N−m) 0j×(J−j)

0(N−m)×m 0(N−m)×j 0(N−m)×(N−m) 0(N−m)×(J−j)

0(J−j)×m 0(J−j)×j 0(J−j)×(N−m) 0(J−j)×(J−j)

 , lQ1 =


lQ1,m×1

lQ1,j×1

0(N−m)×1

0(J−j)×1

 ,

with restrictions such that for 1 ≤ i 6= k ≤ m, (m + 1) ≤ s 6= t ≤ m + j and 1 ≤ j ≤ N + J ,

KQ
i,k ≥ 0, KQ

s,t ≥ 0, Re(Eigen(K̄Q)) < 0, ΛQ
i − l0

∫
R
ziν̄

Q(z)dz ≥ 1

2
, ΛQ

s ≥ 0,

Bij ≥ 0, Bsj ≥ 0, lQ1,i ≥ 0, lQ1,s = 1 or 0, lQ0 ≥ 0, lQ0 Πm
i=1l

Q
1,iΠ

m+j
s=m+1l

Q
1,s 6= 0,

ν̄Q(Rm+j
− × RN+J−m−j) = 0,

where K̄Q is of the same size of KQ, and

K̄Q
m×m =KQ

m×m −Diag

(
l1,i

∫
R
ziν̄

Q(dz)

)
1≤i≤m

,

K̄Q
j×j =KQ

j×j −Diag

(
l1,s

∫
R
zsν̄

Q(dz)

)
m+1≤s≤m+j

.
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D Summary of Two Factor Volatility Models

D.1 A0(2) Model

The A0(2) model specifies the dynamics of X as:[
dX1t

dX2t

]
=

([
κQ11 0

κQ21 κQ22

][
X1t

X2t

])
dt+

[
dWQ

1t

dWQ
2t

]
+

[
dZQ

1t

dZQ
2t

]
.

Jumps follow compound Poisson processes with independent jump sizes following double exponential

distributions:

size of ZQ
1t ∼

{
exp(βQ1+), q1

− exp(βQ1−), 1− q1

, and

size of ZQ
2t ∼

{
exp(βQ2+), q2

− exp(βQ2−), 1− q2

.

Their intensity is specified as l0.

For this model, we specify the dynamics under P as[
dX1t

dX2t

]
=

([
λP1

λP2

]
+

[
κP11 0

κP21 κP22

][
X1t

X2t

])
dt+

[
dW P

1t

dW P
2t

]
+

[
dZP

1t

dZP
2t

]
,

where jumps in ZP
1t and ZP

2t are specified with the same mixture probabilities but in different sizes

βP1,+/− and βP2,+/−.

The parameter constraints in this model are given by:

κQ11 < 0, κQ22 < 0, l0 ≥ 0, κP11 < 0, κP22 < 0.

D.2 A1(2) Model

Another model that incorporates negative jumps can be specified as[
dX1t

dX2t

]
=

([
λQ1

0

]
+

[
κQ11 0

κQ21 κQ22

][
X1t

X2t

])
dt+

[ √
X1t 0

0
√

1 + β21X1t

][
dWQ

1t

dWQ
2t

]
+

[
dZQ

1t

dZQ
2t

]
,

where X1 is a square-root factor, and X2 is an Ornstein-Uhlenbeck factor. Jumps of X1 and X2

follow compound Poisson processes with independent jump sizes satisfying the exponential or double

exponential distributions:

size of ZQ
1t ∼ exp(βQ1+), and size of ZQ

2t ∼

{
exp(βQ2+) with probability q2

− exp(βQ2−) with probability 1− q2

.

Their intensity is specified as l0 + l11X1t.

5



For this model, we specify the dynamics under the objective measure P as[
dX1t

dX2t

]
=

([
λP1

λP2

]
+

[
κP11 0

κP21 κP22

][
X1t

X2t

])
dt+

[ √
X1t 0

0
√

1 + β21X1t

][
dW P

1t

dW P
2t

]
+

[
dZP

1t

dZP
2t

]
.

Jumps are of the same type with the same intensity and mixture probability but different sizes βP1+,

βP2+, and βP2−.

The parameter constraints in this model are given by:

κQ11 < l11β
Q
1+, κQ22 < 0, λQ1 − l0β

Q
1+ ≥

1

2
, β21 ≥ 0, l0 ≥ 0, l11 ≥ 0,

κP11 < l11β
P
1+, κP22 < 0, λP1 − l0βP1+ ≥

1

2
.

D.3 A2(2) Model

The dynamics of the state variables in the A2(2) model is specified as[
dX1t

dX2t

]
=

([
λQ1

λQ2

]
+

[
κQ11 κQ12

κQ21 κQ22

][
X1t

X2t

])
dt+

[ √
X1t 0

0
√
X2t

][
dWQ

1t

dWQ
2t

]
+

[
dZQ

1t

dZQ
2t

]
,

where jumps in Z1t and Z2t cannot be negative. The intensity of jumps is l0 + l11X1t + l12X2t.

The corresponding P measure dynamics is specified as:[
dX1t

dX2t

]
=

([
λP1

λP2

]
+

[
κP11 κP12

κP21 κP22

][
X1t

X2t

])
dt+

[ √
X1t 0

0
√
X2t

][
dW P

1t

dW P
2t

]
+

[
dZP

1t

dZP
2t

]
,

with exponentially distributed jumps and different mean parameters.

The parameter constraints in this model are given by:

Re

(
Eigen

(
κQ11 − l11β

Q
1+ κQ12

κQ21 κQ22 − l22β
Q
2+

))
< 0, λQ1 − l0β

Q
1+ ≥

1

2
, λQ2 − l0β

Q
2+ ≥

1

2
,

Re

(
Eigen

(
κP11 − l11β

P
1+ κP12

κP21 κP22 − l22β
P
2+

))
< 0, λP1 − l0βP1+ ≥

1

2
, λP2 − l0βP2+ ≥

1

2
,

κQ12 ≥ 0, κQ21 ≥ 0, κP12 ≥ 0, κP21 ≥ 0, l0 ≥ 0, l11 ≥ 0, l12 ≥ 0.

E Likelihood Inference in Detail

Below we give a more detailed description of the Gibbs blocks used in the posterior simulator.

For the purpose of concreteness in this section we focus on the A1(2) model, which contains one

Ornstein-Uhlenbeck factor and one square-root factor.
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E.1 Time Discretization and Joint Likelihood

A time discretization of the model with time interval ∆ yields

yi := Yi − Y(i−1) = µ∆ + σi−1

√
∆

[√
1− ρ2

1 − ρ2
2ε0i + ρ1ε1i + ρ2ε2i

]
+ jini, (E.1)

X1i −X1(i−1) =
[
λ1 + κ11X1(i−1)

]
+
√
X1(i−1)∆ε1i + z1,ini,

X2i −X2(i−1) =
[
λ2 + κ21X1(i−1) + κ22X2(i−1)

]
∆ +

√
X2(i−1)∆ε2i + z2,ini,

where ni denotes the jump time indicator that takes the value one if there is a jump on that day,

and ε0i, ε1i, and ε2i are standard normal variates with zero correlations, ji, z1,i and z2,i are Gaussian,

Gamma, and mixture of Gammas, respectively. Note that µ = µP − l0µPJ , λ1 = λP1 − l0βP1+, λ2 =

λP2 − l0(q2β
P
2+ − (1 − q2)βP2−), κ11 = κP11 − l11β

P
1+, κ21 = κP21 − l11(q2β

P
2+ − (1 − q2)βP2−), and κ22 =

κP22 − l12(q2β
P
2+ − (1− q2)βP2−).

The joint likelihood of the observables is then given by:

L(Y, P |V,Θ,A1(1)) =
T∏
i=1

p(yi, Xi|Xi−1, ji, zi, ni)× p(ji, zi, ni|Xi−1)× p(Pi|Xi,Θ),

which includes both the likelihood from the Euler discretization of the process and the likelihood of

the variance swap rates. Eraker et al. (2003) show that discretization performs well with daily data.

Alternatively, one could introduce a set of auxiliary data points in between of each par of sampled

latent variables and integrate them out of the likelihood function by MCMC.

E.2 Jump Times and Sizes

In our application the jump indicator ni is a binary random variable (taking on 0 or 1). To

compute the Bernoulli probability, we use the conditional density of increments to volatility and

returns to get that Pr(ni = 1|V,Θ, Y, P ), which is equal to

p(yi, Xi|X(i−1), ji, z1,i, z2,i, ni = 1,Θ)× Pr(ni = 1|X1(i−1))∑
s=0,1 p(yi, Xi|X(i−1), ji, z1,i, z2,i, ni = s,Θ)× Pr(ni = s|X1(i−1))

,

where p(yi, Xi|X(i−1), ji, z1i, z2i, ni = s,Θ) is trivariate normal with mean and covariance matrix that

can be easily obtained from (E.1) and Pr(ni = 1|X1(i−1)) = (l0 + l11X1(i−1))∆. Not surprisingly, the

conditional posterior of jump times does not depend on the option prices directly since option prices

do themselves not depend on the jump indicator.

To sample ji, we note from (9) in the main text that p(ji|yi, Xi, X(i−1), ni = 1) is proportional to

p(yi|Xi, X(i−1), ji, ni = 1)× p(ji|ni = 1).

Completing the square in the previous expression we can easily obtain the mean and variance for

the conditional posterior of ji which is normal.
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Analogous computations allow us to sample z1,i and z2,i, which have a discrete scale mixture of

truncated normals (TN) with a mixing variate that takes a positive (negative) value with mean µ∗k+,i

(µ∗k−,i) that can be easily obtained for k = 1, 2 by completing the squares. That is, if sk,i ∈ {0, 1},
with Pr(sk,i = 1|yi, Xi,Θ) = qk, then

zk,i = sk,i · TN(µ∗k+,i, σ
∗2
k,i; zk,i > 0) + (1− sk,i) · TN(µ∗k−,i, σ

∗2
k,i; zk,i < 0),

where σ∗2k,i denotes the corresponding conditional posterior variance of the jump size in zk,i.

Finally, when ni = 0, the conditional posteriors of ji, z1,i and z2,i are the priors implied by the

model assumptions, as the data provide no information about them.

E.3 Latent Factors

The conditional posterior for latent factors is not known in closed-form. To sample from it, we

collect terms in (9) where Xi is included, which is proportional to

p(Xi+1|Xi, z1,i+1, z2,i+1, ni+1)× p(Xi|Xi−1, z1,i, z2,i, ni)

× p(yi+1|Xi, Xi+1, ji+1, ni+1)× p(yi|Xi−1, Xi, ji, ni)× p(Pi|Xi,Θ)× p(ni+1|Xi),

where the first five densities are Gaussian and the last term is binomial. At the g-th iteration of

the sampler, we then draw from its conditional posterior using a random-walk Metropolis algorithm

with the Gaussian proposal density with mean and variance computed as in Proposition 2 of Eraker

(2001) but taking into account the presence of jumps. The acceptance rate of this step is in the

20-30% range for all models.

E.4 ΘM and ΘΠ

Conditional on jump sizes, jump times, spot variance, short-term variance level, and remaining

parameter vectors, the posterior of ΘM is proportional to (9). Since this conditional distribution

is nonstandard, it is sampled using a Metropolis step with a normal source density centered at the

current draw and covariance matrix proportional to the Hessian of L(Y, P |V,Θ,M)·H(V |Θ,M) at

the peak of ΘM. The Hessian was computed by concentrating the latent variables and remaining

parameters on their posterior means from a preliminary run of the algorithm. An analogous but

simpler procedure, since H(V |Θ,M) does not appear in the conditional posterior, allows us to draw

ΘΠ. The acceptance rate of this step is around 20% for all three models. The priors are relatively

uninformative but still impose the relevant constraints.

E.5 ΘP and ΘE

A similar procedure to the one mentioned above can be used to sample ΘP. In practice, however,

since those parameters do not depend on variance swap rates once we condition on V , it is often

8



the case that the conditional posterior distribution is available and therefore one can sample from

it directly. The same comment applies to the variances of pricing errors as long as one chooses

appropriately both the pricing error distributions and priors.

As for βP1+, recall z1,i ∼ Exponential(βP1+), so that conditional on z1,i, and setting a conjugate

prior for βP1+, say πβ1+
(β1+) ∼ InvGam(δβ1+1, δβ1+2), we have that βP1+|... ∼ invGam(δ∗β1+1, δ

∗
β1+2)

with δ∗β1+1 = NJ + δβ1+1 and δ∗β1+2 = δβ1+2 +
∑NJ

i=1z1,i and where NJ =
∑T

i=1 ni. Similarly, we

proceed with βP2+ and βP2−, but using the appropriate sample sizes N+
J =

∑T
i=1 ni1{z2,i>0} and

N−J = NJ−N+
J and with πβ2+

(β2+) ∼ invGam(δβ2+1, δβ2+2) and πβ2−(β2−) ∼ invGam(δβ2−1, δβ2−2)

being the corresponding priors.

Conditional on X, βP1+, βP2+, βP2−, q2, ΘM and jump times and sizes, using the jump adjusted

processes Ỹi = Yi − jini, X̃1i = X1i − z1,ini and X̃2i = X2i − z2,ini, we can sample µP, κP11,

κP22, and κP21 using the standard normal multivariate regression model with known variance. In this

context, prior information for those parameters can be easily introduced through Gaussian conjugate

priors. Finally, we use a Metropolis step to compute the conditional posterior of ρ1 and ρ2, which is

proportional to p(yi, Xi|Xi−1, ji, zi, ni).
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Figure A.1: Volatility Factors

Note: This figure reports the posterior means (in blue) of the two latent factor estimates for A0(2), A1(2),

A2(2), A+
0 (2), and A+

1 (2), as well as the logarithm of the factors for the Ā2(2) model. The red areas around

the blue curves mark the 95%-credible sets. We use daily data on variance swaps from January 4, 1996 to

January 11, 2013. The number of daily observations is 4,276, excluding weekends and holidays.
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Figure A.2: Out of Sample Performance

Note: This figure compares the estimated 1-month variance swap rates with the VIX across models over the

entire sample period. The red solid line denotes the VIX from the CBOE, whereas the blue dash-dotted line

is calculated based on the Q-parameters estimated from the variance swap rates with time-to-maturity of at

least 2 months.
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