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Abstract

This appendix contains details about variance swap pricing, invariant transformations, ex-
tended canonical forms, volatility models, likelihood estimation, as well as additional tables and
figures.

A Variance Swap Pricing

Proof of Proposition 1. Recall that since X is affine, the generalized conditional characteristic func-
tion (GCCF) of X is defined below, for any s > ¢ with ¢ fixed:

U(s, t,u, Xy) = E? {e“TXS],

where u € CN. There exists a closed-form formula for the GCCF function given by Duffie et al.
(2000):

log (\I'(s, t,u, Xt)) = A(s —t,u) + B(s — t,u) " Xy,

where A and B satisfy the following ordinary differential equations (ODEs):
) 1 &
(T 1L T 12
B = (K%TB+ 53 (5T BIR: +10(),

A= (AT + 53 (5T Blas + bo(B),
i=1
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where B(t) = u, A(t) =0, and for any h € CN,

o(h) = /R ) ("% —1— 1" 2)p%(d2).

Under our risk neutral specification, we have

t+1 t+1 t+1
E;Q{ / oyds + / / j2v9(dj>} = B FUX)ds ¢
t t R t

-
where f2(X,) = I + 1T X + X TTLX + exp {13 + 1L, T X}, T = o + b [, 720%(dj), T =
I+ g 3202(dj), and p2(dj) is the marginal distribution of jumps in Y.

Denote the transition density of the process X as p(Xs|s — ¢, X;), and let v = —iv in ¥ with

v € RN, we have

E%(f(x.)

X = x) = /]RN N p(a'|s — t, x)da’

1 L
:W /RN /]RN fQ(x/)eWTx U(s, t, —iv, z)da'dv.

We then utilize Fourier Transform of the tempered distributions to simplify the integral with respect

to o’. Consider the quadratic part first. Note that
[T+ ()T T (L)) da’ = (2m)™ (1 — i(1) TV, - 9,112V, )3(0),
RN

where §(-) is a Dirac delta that satisfies [px d(v)dv = 1, and [pn 0(v)g(v)dv = g(0) for any test

function g. Therefore, by direct calculations we obtain

EQ (H((? +(MTX, + X, T () X,

X; = x) — /RN (ng@ —i@mY) v, — VUHQVU>5(U)\II(3,I€, —iv, x)dv

:Hg + (H?)TVU\I](& t? u, l’)

. + V. 1LV, U(s, t,u,x)

u= u=0

For the exponential part, similarly we have
/ eH3+(H4)Tq;/€ingc/d$/ — (27T)N€H35('U _ iH4),
RN
so that we can derive

EQ (€H3+(H4)TX5

X = :1:) :/ 36 (v — illy) (s, t, —iv, z)dv = "3 (s, t, 11y, x).
RN

The pricing formula for variance swaps follows immediately. Note that we have applied properties of

tempered distributions to simplify the calculations, all of which can be found in Kanwal (2004). 1



B Invariant Transformations

Proof of Proposition 2. To prove the existence, we extend Dai and Singleton (2000) and Ahn et al.
(2002) to provide invariant transformations of the general model. These transformations lead to
alternative specifications without altering the price of variance swaps (or more generally, the likeli-
hood of the observables). We summarize the state factors, Brownian motions, jumps, and parameter

vectors in 6:
0= (Xt) Wth Zé@a AQv KQv Za {aia Bz}lglgma DQ() dz)v H07 H17 H27 H37 H4) .

There are 4 classes of admissible transformations that ensure the transformed process to follow (1),
(2), (3), and (4) of the main text (with different set of parameters), while maintaining the same
observable implications:

An Affine Transformation 74 refers to 73 X; = ¥ + ZX;, where ¥ is an N x 1 vector and .

is an N x N nonsingular matrix. As a result, 7460 is defined below.

Y+ X WR, 278 SN - YKLV, LKL, L5,
{00 = Bl L7, 2T Bhcicm UL+ ¥), Ldz),
Iy — () T2V + v T.2T )2y, 27 ' — 227 "'oYy, 27 "2,
I — () "2y, 27 'y

Tl =

An Orthonormal Rotation .7y refers to an affine transformation on the Brownian factor I/VtQ

such that ﬂthQ = OVVt@7 where O is an orthonormal matrix satisfying OTO =00" = Inxx.
<?00 = ( Xt; OWtQa 297 AQa KQa ZOTa {aia /Bi}lgifma DQ(': dZ), H07 H17 H27 H37 1_[4 ) .

A Diffusion Rescaling 7 rescales the diagonal elements of S; by a nonsingular diagonal matrix
D in RN*N_ That is,

yDe - ( XtaWtQaZi@aAQaK@aED_17{D%QMD’LZ’L'Bi}lSiSmaDQ('ad'z))HOlevHQaH?HHﬁl )

A Permutation p alters the order of state variables, which has no observable effect.

Using these transformations, we can impose normalizations on the process to achieve its canon-
ical representation. Following exactly the same procedure as in Appendix C of Dai and Singleton
(2000), we normalize the parameters in the dynamics of (2), while leaving the parameters in (3)
unrestricted (barring from their positivity constraints). Once we have transformed any model of (2)
into its canonical form, no restrictions can be imposed on the parameters in (3) without affecting
this canonical form, so that the procedure achieves the maximal model.

To show the uniqueness, by the existence result, it is equivalent to prove that canonical forms
of different types are not observationally equivalent under these invariant transformations. This is
obvious from Dai and Singleton (2000), because the number of positive factors remains unchanged

under admissible transformations. g



C Extended Canonical Forms

Here we provide canonical forms that allow for pure jump volatility factors. Each model of this class
is assigned to a family Ay, j(N,J), in which N is the number of Brownian state variables, J is the
number of pure jump factors, while m and j are the number of independent linear combinations of
those state variables that are positive, respectively. In the absence of pure jump factors, we recycle
the notation Ay, (N) in Dai and Singleton (2000), and provide the canonical forms in the main text.

For each m and j, we partition X ' = (X1, X]-Txl, X&im)xl, X(Tjij)xl)T. The canonical repre-

sentation takes a special form of equation (3) in the main text, where for m > 0,

Kgxm Kng O (N—m) Ormx (J—5)

KO _ éf?xm éf?xj (SJX(N—m) gjxu—j) ’
Kncmyxm KNvcmyxg ENomyx-m) EN-myx-j)
K pem Klops EGopsvem Kl—ix—s)

and K%_m)X(N_m) and Kg—j)x(J—j) is either the upper or lower triangle for m = 0 or j = 0,

respectively. In addition,

A%xl . 0(m+j)><1
X
AQ = 0j><1 , MU= ( ) y Q= 1(N—m)><1 )
Osxg
ON4J—m—j)x1 O(7—j)x1
Tixm Om><j BmX(N—m) OmX(J—j) l(lgimxl
g_| Bixm Ojxj Bijx (N-m) 0jx(7-4) 19— Bt ,
ON—m)xm ON—m)xj ON-m)x(N-m) ON—m)x(J—j) ON—m)x1
O—jyxm  Ou—jxi  Ou—jx(N-m)  Ou—sx(1-j O1—j)x1

with restrictions such that for 1 <i#k<m, (m+1)<s#t<m+jand 1 <j<N+J,
_ 1
K2 >0, K& >0, Re(Bigen(K?)<0, A?- ZO/RZZ-DQ(z)dz >3, A2 >,

Bij >0, By>0, 1$,>0, 1%, =1or0, I§>0, (I 2mets 12 0,

l_/Q(RIiH_j > RN+J—m—j) =0,
where K@ is of the same size of K?, and
Kng :Kgxm — Diag (ll,i/ ZiDQ(dZ)) R
R 1<i<m

K;ij :K;ij — Diag <l1,s/ stQ(dz)> .
R m+1<s<m+j



D Summary of Two Factor Volatility Models

D.1  Ay(2) Model

The Ag(2) model specifies the dynamics of X as:

dXy | _ (| #h 0 X |\ gy AW . dz2
dXo Ii(% ,@‘2@2 Xot dWS dZ%
Jumps follow compound Poisson processes with independent jump sizes following double exponential
distributions:
Q
size of Z(% ~ { exp(ﬁ(g), a , and
— exp(f), 1-q
Q
size of Zg ~ { exp(ﬁ(g@+), @ )
- exp(ﬂ27)7 1- q2
Their intensity is specified as lj.
For this model, we specify the dynamics under P as
dXu | _ Y N ki 0 Xu [ N AW, dzy, 7
dXQt )\]g I‘igl /‘f]gg X2t dW%Pz)t dz gpt

where jumps in ZE and Z%Dt are specified with the same mixture probabilities but in different sizes

P P
ﬁ17+/_ and 527+/_.
The parameter constraints in this model are given by:

K2 <0, KL <0, lo>0, kK <0, Khy<O.

D.2 A;(2) Model

Another model that incorporates negative jumps can be specified as

dxy | _ (] A N K20 X |\ g | VX0 0 AW 2 .
dXog 0 kY kY || Xor 0 1+ B Xy || dWyl

where X7 is a square-root factor, and X is an Ornstein-Uhlenbeck factor. Jumps of X; and X,

dz2
dzZ3

i

follow compound Poisson processes with independent jump sizes satisfying the exponential or double

exponential distributions:

eXp(B(Q@_’_) with probability g2

size of ZZ ~ exp BQ , and size of 79~ .
1 (Bi) 2 — exp(ﬁg) with probability 1 — ¢

Their intensity is specified as lg + 111 X1;.



For this model, we specify the dynamics under the objective measure P as

dXy | _ Y N ki 0 X |\ gy o | VX 0 AW, N
dXoy Y Kbl Kby Xot 0 1+ By X1 AW,
Jumps are of the same type with the same intensity and mixture probability but different sizes ﬂ[f 1

/BI2P>+7 and 512?7

The parameter constraints in this model are given by:

AR
dzk |

1
9’

1
ki < liBhiy, Koy <0, A —loBT, > 5

ki < l1BY, R <0, AP —1ppY >

D.3 A,(2) Model

The dynamics of the state variables in the Ay(2) model is specified as

dX1¢ _ /1(1@1 /1(1@2 X1t i+ v X1t 0 dWS N
dXoy kY kY || Xo 0 Xy || dawd

where jumps in Z1; and Zo; cannot be negative. The intensity of jumps is lg + 111 X1t + 112 Xo¢.

A

_|_
A3

dz2 ]

The corresponding P measure dynamics is specified as:

dXu | _ PN N ko Ky || Xu it X 0 dWF, N dzy,
dXo Y Kby Ko Xo 0 VX AW, dzs,
with exponentially distributed jumps and different mean parameters.
The parameter constraints in this model are given by:
Q Q Q
. K1 — 111,6 K 1 1
K1 Koy — l22f5,
P P P
. K — lnﬁ K 1 1
Re (Elgen< 11 . 1+ . 12 » )) <0, )\lf—lo[i’lﬁzi, Ag—loﬁg+257
ka1 Koy — 12285

KL >0, KL >0, Kig>0, kb >0, Ig>0, I3 >0, l3>0.

E Likelihood Inference in Detail

Below we give a more detailed description of the Gibbs blocks used in the posterior simulator.
For the purpose of concreteness in this section we focus on the A;(2) model, which contains one

Ornstein-Uhlenbeck factor and one square-root factor.



E.1 Time Discretization and Joint Likelihood

A time discretization of the model with time interval A yields
yi =Y — Y1) = pA+ ois1VA [\/ 1— pt — pjeoi + previ + Pzézi] + Jini, (E.1)

X1 — Xy = [M+ wnXigon] + /X1 Aew + 21,in4,
Xoi — Xo(io1) = [A2 + ka1 X1(i—1) + koaXoi—1) ] A+ y/ Xo—1) Aeai + 22,14,

where n; denotes the jump time indicator that takes the value one if there is a jump on that day,
and €g;, €15, and €g; are standard normal variates with zero correlations, j;, z1; and 2 ; are Gaussian,
Gamma, and mixture of Gammas, respectively. Note that p = uf — louEP}, A= )\IlP — lgﬂ%, Ao =
A5 = lo(qeBs — (1 — @2)B5), ki1 = K5 — 1By, ko1 = kb — (@285, — (1 — g2)B5_), and ko =
Ko — l2(g2f5, — (1 — 42)B3.).

The joint likelihood of the observables is then given by:

T
LY, P|V,0,A1(1)) = [ [ p(yi, Xil Xi-1, i, 2, m4) * p(ji, 2, il Xi—1) x p(Pi| X4, ©),
i=1

which includes both the likelihood from the Euler discretization of the process and the likelihood of
the variance swap rates. Eraker et al. (2003) show that discretization performs well with daily data.
Alternatively, one could introduce a set of auxiliary data points in between of each par of sampled

latent variables and integrate them out of the likelihood function by MCMC.

E.2 Jump Times and Sizes

In our application the jump indicator n; is a binary random variable (taking on 0 or 1). To
compute the Bernoulli probability, we use the conditional density of increments to volatility and
returns to get that Pr(n; = 1|V, 0,Y, P), which is equal to

P(Yi, Xil X(i—1y, Jis 21,6, 22,6, i = 1,0) x Pr(n; = 1|X ;1))
Zs:O,l p(¥i, Xi|X(i—1)7ji7 Rl 2,0, Vi = S, ©) x Pr(n; = ‘9“)(1(7;—1))7

where p(y;, Xl-]X(i_l), Jiy #1is 22i, i = 8, ©) is trivariate normal with mean and covariance matrix that
can be easily obtained from (E.1) and Pr(n; = 1|X;;_1)) = (lo + 111 X;(—1))A. Not surprisingly, the
conditional posterior of jump times does not depend on the option prices directly since option prices
do themselves not depend on the jump indicator.

To sample j;, we note from (9) in the main text that p(ji|yi, Xi, X(;—1),n; = 1) is proportional to

p(yil Xiys X(i—1y, Ji,ni = 1) x p(jilni = 1).

Completing the square in the previous expression we can easily obtain the mean and variance for

the conditional posterior of j; which is normal.



Analogous computations allow us to sample z;; and z3;, which have a discrete scale mixture of
truncated normals (TN) with a mixing variate that takes a positive (negative) value with mean puj ,
(/‘Z—,z‘) that can be easily obtained for £ = 1,2 by completing the squares. That is, if s, ; € {0,1},
with Pr(sy,; = 1|y;, Xi,©) = qi, then

Zki = Sk - TN(Mpt 4 0’;2,22'% 2k > 0) + (1 — sgy) - TN(MZ—,iaUZ,QiS 2k < 0),

where 02’27; denotes the corresponding conditional posterior variance of the jump size in zy ;.
Finally, when n; = 0, the conditional posteriors of j;, 21; and 22; are the priors implied by the

model assumptions, as the data provide no information about them.

E.3 Latent Factors

The conditional posterior for latent factors is not known in closed-form. To sample from it, we

collect terms in (9) where X; is included, which is proportional to

P(Xit1] Xi, 21,415 22,641, Nig1) X p(XG| X1, 21,4, 22,65 14)
X P(Yi1| Xy Xig1, Jiv1, niv1) X p(yil Xi—1, Xi, Ji, ni) X p(P5| X3, 0) x p(nip1|X;),

where the first five densities are Gaussian and the last term is binomial. At the g-th iteration of
the sampler, we then draw from its conditional posterior using a random-walk Metropolis algorithm
with the Gaussian proposal density with mean and variance computed as in Proposition 2 of Eraker
(2001) but taking into account the presence of jumps. The acceptance rate of this step is in the
20-30% range for all models.

E.4 0Oy and Oq

Conditional on jump sizes, jump times, spot variance, short-term variance level, and remaining
parameter vectors, the posterior of ©y is proportional to (9). Since this conditional distribution
is nonstandard, it is sampled using a Metropolis step with a normal source density centered at the
current draw and covariance matrix proportional to the Hessian of L(Y, P|V,0, M)-H(V|©, M) at
the peak of ©y;. The Hessian was computed by concentrating the latent variables and remaining
parameters on their posterior means from a preliminary run of the algorithm. An analogous but
simpler procedure, since H(V|©, M) does not appear in the conditional posterior, allows us to draw
Or. The acceptance rate of this step is around 20% for all three models. The priors are relatively

uninformative but still impose the relevant constraints.

E.5 Op and Og

A similar procedure to the one mentioned above can be used to sample Op. In practice, however,

since those parameters do not depend on variance swap rates once we condition on V, it is often



the case that the conditional posterior distribution is available and therefore one can sample from
it directly. The same comment applies to the variances of pricing errors as long as one chooses
appropriately both the pricing error distributions and priors.

As for g% 4, recall zy; ~ Exponential (5} +), so that conditional on z;;, and setting a conjugate
prior for 6119;, say W51+(,31+) ~ InvGam(551+1, 551+2), we have that BIf+|... ~ invGam(éEHl,éEHQ)
with 521+1 = Ny +6p,,1 and 5E1+2 = 0p,,2+ Zi]\iﬂzl,i and where Ny = Zz‘T:1 n;. Similarly, we
proceed with BH; + and 6]5_, but using the appropriate sample sizes Nj = Z;le nile,, >0y and
N; = N;j—Nj and with 78y, (Bay) ~ invGam(dg,, 1,0p,,2) and wg, (By_) ~ invGam(dp, 1,0s, 2)
being the corresponding priors.

Conditional on X, ﬁlir, BH;Jr, BIQP_, q2, ©M and jump times and sizes, using the jump adjusted
processes }7@ =Y, — jini, Xli = X1; — z1,n; and X% = Xo9; — 29,n;, we can sample ,up, /ilfl,
Koo, and k5, using the standard normal multivariate regression model with known variance. In this
context, prior information for those parameters can be easily introduced through Gaussian conjugate
priors. Finally, we use a Metropolis step to compute the conditional posterior of p; and p,, which is

proportional to p(yi, X;| Xi—1, Ji, 2i, ni)-
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Figure A.1: Volatility Factors

Note: This figure reports the posterior means (in blue) of the two latent factor estimates for Ag(2), A;(2),
As(2), Af(2), and AT (2), as well as the logarithm of the factors for the As(2) model. The red areas around
the blue curves mark the 95%-credible sets. We use daily data on variance swaps from January 4, 1996 to

January 11, 2013. The number of daily observations is 4,276, excluding weekends and holidays.
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Note: This figure compares the estimated 1-month variance swap rates with the VIX across models over the
entire sample period. The red solid line denotes the VIX from the CBOE, whereas the blue dash-dotted line

is calculated based on the QQ-parameters estimated from the variance swap rates with time-to-maturity of at

least 2 months.
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